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THE THEOREMS OF SAALSCHUTZ AND 
DOUGALL 


By J. L. BURCHNALL and A. LAKIN (Durham) 


[Received 12 April 1949] 


argument —1. 





2. We denote a generalized hypergeometric function by F(a,;c, 
d 


PF 
TI (c.) 8F = 2 [I (4,)F(a4,4+1;¢,+1;2), 
(8+-a,)F = a, F(a,+1;¢,;2), 
(8+c,—1)F = (c,—1)F(a,;c,—1;2), 


and recall that, if 5 -, then 


+ augmented. 


by F, namely 8 T] (8+c,—-1)F = «TJ (8+4,)F. 


Saalschiitz’s theorem being implicit in his analysis, (2) 68-9. 
ft (1) 113. 





Quart. J. Math. Oxford (2), 1 (1950), 161-4 
3695.2.1 M 





1. In this note we illustrate by two examples a method* which derives 
the values of certain hypergeometric functions of argument unity 
directly from the differential equations satisfied by these functions. 
Although the instances here selected both concern terminating series, 
the method may, with proper safeguards, be extended to some non- 
terminating series. For these a final stage in the argument depending 
upon a limiting process or an appeal to Carlson’s theorem is in general 
necessary; in particular our proof of Dixon’s theorem regarding the 
well-poised ,F, is, though in different dress, essentially that of Bailey. 
An interesting feature of the approach adopted here is that the special 
position of ‘well-poised’ and ‘terminating Saalschiitzian’ series no longer 
appears an arithmetical accident but flows naturally from the analysis. 
The method may also be applied mutatis mutandis to functions of 


where in (2) and (3) only the parameter mentioned on the left side is 
augmented or diminished by unity, while in (1) every parameter is 


Further we may deduce from (1)—(3) the differential equation satisfied 
| If now in (i)-(3) we set 2 = 1, the operation of differentiation 


becomes meaningless but 5, 5+a,, 5+c,—1, may now be regarded as 


* Used in another connexion by T. W. Chaundy, a slightly different proof of 
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operating on the parameters a,, c,, with effects defined by the above 
identities. It is, however, important to observe that, whereas, when 
|x| < 1, the series F may be differentiated as often as we please, the 
series F'(a,;c,;1) only converges if the real part of its ‘index of con- 
vergence’ }c,— Sa, is greater than zero, and that this index is 
diminished by unity by each 6 operation of the type considered. If no 
initial restriction is placed upon the values of a,, c,, we may provisionally: 
assume that their values are such as to make all series considered 
convergent and we may then, from (1)-(3) with x = I, ascend to 


8 TJ (6+¢,—1)F = [J 6+4,)F. (5) 

Any theorem deduced from this relation will be proved fora restricted | 
range of parameter values, and, if the theorem is significant for a wider 
range of values, the restriction may then be removed by an appeal to 
the well-worn principle of analytic continuation. 

If, however, as in Dougall’s theorem, there is a pre-assigned relation 
between the parameters, that relation may be inconsistent with the 
convergence of some or all of the series concerned; the definitions (1)—(3) 
may fail and, even if they remain valid, the number of operations 








necessary may render the deduction of (5) impossible. In these circum- 
stances results may still be deduced for terminating series, and we seem 
to have here a clue to the very different behaviour of the terminating 
and non-terminating types. At present we are concerned with the 
former only. 


3. Saalschiitz’s Theorem 
Let e+f =a+b+c+2 (6) 
and let c be a negative integer —n. 


a,b,c; 
7 a 9-79~9 
hen | ef 


satisfies the relation 
[8(8-+e—1)(8+f—1)—(8+-4)(8-+6)(8-+e)]F = 0. (7) 
In virtue of (6) the bracketed operator is linear in 5 and may be 
written in the form A(3-+a)—C(8+e), 
where, setting in turn 8 = —c and 6 = —a, we obtain 
A(c—a) = c(e+-1—e)(e+1-f), C(c—a) = a(a+1—e)(a+1—f). 
Thus, from (2), 
b,c+1; 
(at1—eyat1— fin [ oN) 


= (+1—e(e+1— fake [ TO), (8) 


y 
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If in (8) we change a into a—1 and replace c by —n, we have in 
place of (6) the Saalschiitzian relation 


e+f = a+b+1—n, (9) 
and, from (8), 


, [a,b, —n; (e—a)(f—a) a—1,b,—n-+1; 
sf - af ; 
e,f (e+n—1)( ret e,f 
The parameters of the ,F, on the right still satisfy (9), and the process 
may be repeated, the integral parameter n being reduced by unity at 
each stage. Thus eventually we have, subject to (9), 
JF, Pa = (e—a),(f—4@),, 
"LL OF Onl fn 


which is Saalschiitz’s theorem. 





4. Dougall’s Theorem 


Let a+b+c+d+e+f = 0 (10) 
and a+f = —m (a negative integer). 
Also let 
‘ 2a,a+b,a+c,a+d,a+e,a+f 
2 at, A 
* °|1+a—b, 1+a—c, 1+a—d, 1-+a—e, l+a—f’” 


so that 


éz = at-F,| 


2a,a+1,a+b,a+c,a+d,a+e,a+f 
a, 1+a—b,1+a—c, 1+a—d,1+a—e, l+a—f’” 


Then, by (1) and (2), = ag(a,e,2). 


2(2a+-1)(a+-1)(a+b)(a+c)(a+d)(a+e) (a+f) d(a 


+1,e,x), 
(l+a—b)(1- a—c)(1+-a—d)(1+-a—e)( 1+a—f) re) 


(3?—« v*)b = _ I 
(11) 


while, by (2) and (3), 
(8?—e?)¢ = (a+e)(a—e)d(a, e+ 1, x). (12) 
Now 2 satisfies the differential equation 
« [J (6+a)z = [J (6—a)z, 
where the product is taken over the letters a, b, c, d, e, f, and, in virtue 
of (10), TI (8-+a)—T] (8—a) = (482+ B)8, 


where A and B are certain constants. 
We may thus write 


a 


II 6+4)—T] 6—@) = {P(8?—a*)—Q(6?—e*)}26 
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where, on setting in turn 5 = e, a, we obtain 
P(e?—a*) = (e+a)(e+6)(e+c)(e+d)(e+f), 
Q(e?—a*) = (a+6)(a+c)(a+d)(a+e)(a+f). 


Since P(8?—a?)d(a, e, 1) = Q(8?—e?)d(a, e, 1) 
we have, using (11) and (12) with x = 1, 
d(a,e+1,1) _ (2a-++1)(2a+2)(e-+-b)(e+e)(e+d)(e+f) 





$(a-+1,e,1) ~ (a—e)(1-+a—e)(1-+-a—b)(1-+-a—c)(1--a—d)(1-a—f)’ 
i.e., employing (10) and setting a+f = —m, 
d(a,e+1,1)  (2a+1)(2a+2)(c+d—m)(b+d—m)(b+c—m)(e—a—m) 
¢(a+1,e, 1) 2 (a—e)(1+a—e)(1-+-a—b)(1+a—c)(1+a—d)(1+ 2a-+-m)° 
(13) 
Since the arguments of the two ¢-functions of (13) are interchanged 
by augmenting @ and diminishing e by unity, the relation (10) is 
undisturbed and the process may be repeated on ¢(a+-1,e,1). Also, 


since a+f+m = 0, 





d(a+m,e+1—m,1) = 1, 
and so 
d(a,e+-1, 1) 
_ (2a +1) a(1—c—d),,(1 —b—d),,(1—b—c) ,(@a—e+-M) 
(—)™(a—e),,,(1+-a—b),,(1+a—c),,(1+a—d),,(1+2a+-m),, 
~ (2a+1),,(1—c—d),,(1—b—d),,(1—b—c),, 
(l—a—b—c—d),,(1+a—b),,(1+a—c),,(1-+a—d),,” 
Thus, finally, changing e into e—1, we have Dougall’s theorem which 
with the parameters here employed may be stated thus: 
If b+-c+d-+e = m-+-1, where m is a positive integer, then 
FP 2a,a+1,a+b,a+c,a+d,a+e,—m; 
"6! a,1+a—b, 1+a—c, 1+a—d, 1+a—e, 1+ 2a+m 
_ (2a+-1),,(1—c—d),,(1—b—d),,(1—b—c),, 
~ (l—a—b—c—d),,(1+a—b),,(1+a—c),,(1++a—d),," 











(14) 
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55-78. 











Ii 


f 





SSS 





SOME EIGENFUNCTION FORMULAE 
By D. B. SEARS and E. C. TITCHMARSH (Ozford) 
[Received 22 April 1949] 


1. THE object of this paper is to correct § 4.14 and § 5.8 of Higen- 
function Expansions associated with Second-order Differential Equations 
by E. C. Titchmarsh. The example there given is inconsistent with the 

general theorem, and actually both of them are incorrect. 
It is a question of the spectrum associated with the differential 
equation Pd, 2 
tL fA—q(xz)}6 = 0 (OS 4<o—~) (1.1) 


dx? ' ' 
in the case where q’(x) < 0, g(x) > —oo, 
q'(x) = Of|q(z)\"} (0<¢ < 3), 
q'(x) is ultimately of one sign, and 
. 
| g(a) |-2 dx (1.2) 
is convergent. (The condition g(x) < 0 imposed is not really relevant.) 
The analysis given in § 5.8 is correct so far as positive values of A are 
concerned, and the result stated, that the spectrum is discrete for A > 0, 
is correct. The actual result, however, is that under the above conditions 
the whole spectrum is discrete (and not that it is continuous in (—0oo, 0), 
as is stated in the book). The mistake arises in the first formula on 
p. 109. This contains the function 


t 
E(t) = (t,A) = | {A—g(x)}} de, 
j 


which may have a branch-point at A = q(0). The conclusion that (A) 
is an integral function is therefore false, and the argument based on it 
fails. 

The result will be proved by an appropriate modification of the 
method used in the book, although the proof may be shortened by 
appealing to a theorem of Weyl,t which is to the effect that the spectrum 
associated with (1.1) and certain boundary conditions is discrete when 
the equation is of limit-circle type. 

The main mistake in § 4.14 is that the discrete spectrum arising from 
the zeros of sin(izvA) is ignored. 

+ H. Weyl, Math. Annalen, 68 (1910), 220-69, § 8; also E. C. Titchmarsh, 
Quart. J. of Math. (Oxford), 12 (1941), 33-50, § 9. 


Quart. J. Math. Oxford (2), 1 (1950), 165-75. 
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2. Let ¢(x) = ¢(v,A) be the solution of (1.1) which satisfies the 
boundary conditions 
¢(0) = sina, ¢'(0) = —cosa, (2.1) 
where « is a given real number. Then 4(, A) is an integral function of A, 


for each 2. 
As in the book, let 





x 


E(w,r) = | (A—g(o}# at, 
0 
Np A a 
™ MOY — Fg 16 Paget 
and let p(x,A) = {A—q(x)}-4. 


Let p be a real constant chosen so that p—q(x) > 0 for O< a< om. 
Then 


zx 


| ple, p){alt)—A}pOsin{E(w, p)—E(t, p)} at 


0 





™ | p(t, p)d” (t)sin{E(x, p)—E(t, p)} dt 


0 


_ —p(0, p)¢’(0)sin E(a, p)— { ¢'(t)[ p'(t, p)sin{é(2, p)—&(t, p)}— 


—pit, p){p—q(t)}? cos{é (x, p)—§(t, p)}] at 
= p(0, p)cos asin &(x, p)+¢4(x){p—g(x)}#+ 
+-sin « p’(0, p)sin €(2, p)—sin a{p—q(0)}+ cos €(x, p) + 


x 


+ | $(t)[p"(t, pP)—plt, p){e—g(t)} ]sin{E(x, p)—E(t, p)} dt— 


0 


-{ 40)| 20" pp—a(t)}t—4pt, p) 2 | cos{é(e, p)—E(t, p)} dt. 
4 ipP— Q(t) $2 





Hence 


$(2y{p—q(ay}t = —{ 





COS a q'(0)sin « i ' 
qt * afp—q(optfne PI + 


+-sin af p—q(0)}4 cos &(x, p)+ 


x 7 “ po | - 
+ J $(0o—a(0)}8{ P=, + RU, p)}sint€(e, p) EU, p)} dt. (2.2) 
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If p = A, this reduces to formula (5.4.5) of the book. 


Writing $,(x) = 6(x){p—q(x)}4, 


R,(t) —"_ + R(t, p), 
{p—q(t)}# 
we have ( |R,(t)| dt < a. 
0 


Then, as in § 5.5, (2.2) is of the form 


d, (x) = A cos €(x, p)+ Bsin €(x, p)+ 


x 
- 





$,(t)R,(t)sin{g(x, p)—E(t, p)} dt. (2.3) 


0 
It follows, as in § 5.6, firstly that ¢,(x) is bounded (uniformly in any 
finite A-region), and secondly that, as x > 00, 


d,(%) = A cos (x, p)+ Bsin (x, p)+ 


$1 (t) Ry (é)sin{E(a, p)—&(t, p)} dt+-o (1), 





a 
where A and B are independent of A, and the integral converges 
uniformly over any finite A-region, and so represents an integral function 
of A. We have, therefore, as x > 0, 
d(x){p—q(x)}t = y(A)cos &(x, p)+8(A)sin E(x, p)+0 (1), (2.4) 
where (A) and 6(A) are integral functions of A. (The difference between 
this formula and formula (5.7.3) of the book lies, of course, in the fact 
that here p is fixed, whereas in (5.7.3) (x) = &(x,A) with varying A.) 
Similarly by using the differentiated form of (2.3) we obtain 
$' («){p—q(x)}-t = 8(A)cos E(w, p)—y(A)sin E(x, p)+0(1). (2.5) 
Similarly, if @(7,A) is the solution of (1.1) such that 
6(0,A) = cosa, 6’(0,A) = sina, 
we have 
A(x){p—q(x)}* = y,(A)cos &(x, p)+-8,(A)sin E(x, p)+o(1), (2.6) 
8’ (x){p—g(x)}-* = 8,(A)cos (x, p)—y,(A)sin (x, p)+0(1), (2.7) 
where y,(A), 5,(A) are obtained from y(A) and 8(A) by replacing sina, 
—cosa, d by cosa, sina, 6 respectively. Thus y,(A) and 8,(A) are also 


integral functions of A. 
We note that 6(x,A) and 4(x,A) are both Z7(0,00) for all values of A, 
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so that we are in Weyl’s limit-circle case. According to the general 
theory, we have to consider the limit of 


6(b, A)cot B-+-6’(b, A) 


1) = — G6, Njoot B-+-4'(6, A) 





as b> oo. 
Substituting (2.4)-(2.7) on the right-hand side, and putting 


cot B = {p—q(b)}? cot f’, 
we obtain 
1a) = — VA A0COStEL, p)-+B'}+8,A)sin{€(b, p)-+B}+0 (1) 
y(ryeos{é(b, p) +B'}+5(A)sin{é(b, p)-+B}-F0 (1) 
Choosing f’ as a function of b so that £(b, p)+-8’ = x, we obtain 





Hay -» —ZiAoos «+8, A)ain « 
y(A)cos «+-8(A)sin k * 





As « varies this describes a circle, which is therefore the limit-circle. 
Thus, in the notation of the book, 


¥1(A)cos «+6, (A)sin « 
m(A) = —2— _— : 
y(A)cos x+-8(A)sin « 





For any « this is a meromorphic function of A. The eigenvalues are its 
poles, and so the whole spectrum is discrete. 











3. As an example, we shall consider the case q(x) = —e*”, with a = 0 
in the boundary conditions at x = 0. Solutions of the equation 
2 ‘ 
TE + (fer) = 0 (3.1) 
dx? 
are J,(e”), J_,(e*), where v = ivA. Since 
’ , 2 sin 
J,(2)I*,(2)—F,(2)F_y(2) = ———, (3.2) 
we have a 
(a,d) = ——™ _{I,(e*) J’ ,(1) —J_(e*)Ji()}, (3.3) 
281 v7r 
d(x, Xr) — oa {J,(e*) J_,(1)—J_,(e*)J,(1)}. (3.4) 
2 sin vr 


We can take p = 0, so that 


E(x, p) = (x, 0) = | edt = e*—1. 
Thus the general theory gives ° 


e2*h(x,A) = y(A)cos(e*—1)+-8(A)sin(e*—1)+-0 (1), 
e2*O(x,A) = y,(A)cos(e*—1)+8,(A)sin(e*— 1)+-0 (1). 








eres ee oes 





is 
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In fact it is known that 
9 
J,,(z) ~, | (Z)ooste—ten—a. 
mz 


NTT 1 
$(x) ~ —Team ye? | vl eos(e*— gum — har) —J,(1)cos(e*+- dv7—}n)}. 


Comparing the two formulae, we obtain 





yA) = ——~" — {J_,(1)eos(}v7-+-}a—1)—J,(1)c0s(fur—}r+1)}, (3.5) 
V2 SIM v7 
§(A) = —" — {J_,(1)sin(Ju7 + J—1)+-J,(1)sin(}v7—Jor +1}, (3.6) 


9 as \ 
V2 SIN vir 


and similarly for y,(A) and 8,(A) with J‘(1), J_,(1) replacing J,(1), J_,(1). 


Hence the denominator in m(A) is 
{J_,(1)cos(4vm-+-}2—1)—J,(1)cos(4vr—}2-+-1)}cos e+ 
+{J_,(1)sin(4v7+ }a—1)+-J,(1)sin(v7—}a-+ 1)}sin x 
= J_,(1)eos(Jun-+4n—1—K)—J,(1)eos(qur—In+1+x), 
and similarly for the numerator. Thus 


Je y(1)cos(}vm+ 3a—1—K)— -J(1)eos(3vm—}a+1+x) 


r zi iN. RR, i Hse. 3.7 
ee > eee ie boa J,(1)cos(jun—4a+1-+k) ’ (3.7) 
Taking e.g. 1+-« = }a, we obtain 

J’_,(1)—J’(1) 
ae ow ee ee, 8 
m/(A) T_,(1)—J,(1) (3.8) 
The corresponding function 
u(x, A) = O(x, A) +-m(A)d(a, A) 
is bie, 2) = IF") (3.9) 


=F) 


and the expansion formula is “= obtained. Similarly, if 1+« = 37, 











then 
ts at ) 
m(A) = (3.10) 
(1) : (1) 
and w(x, A) = ye fat ple ), (3.11) 
4. Consider next the case where q(x) = —e*”, and where the interval 
is —oo < x <o. If wewere considering the interval —oo < x < Oonly, 


we dunt overs a continuous spectrum in A > 0, by the theory of § 5.3, 
since |g(x)| is integrable over (—o0, 0). It follows that, in the case of the 








170 D. B. SEARS AND E. C. TITCHMARSH 


whole interval —co < x < «, the spectrum will be discrete in A < 0 and 
continuous in A > 0. This we shall now verify directly. 
Let 6(x,A), d(a,A) denote the same functions as in § 3, and let 


by (x, A) — (x, A)+-m,(A)d(ax, A), 
be solutions of (3.1) which are L*(—oo,0) and L?(0,00) respectively. 
Now as x > —oo, e* > 0, and 
der) eixva 


We) ~ Dept) ~ PTF) 


If vA = o+it (o > 0, t > 0), then |e) = e-*, so that J,(e*) is not 
L?(—oo, 0); but J_,(e*) is L?(—0o0, 0). Hence we must have 





Jt (1) 
JA) = ———= 4.1 
ondener * b ™_ 
and so y(v,A) = ap (4.2) 


The interval (0,00) gives the limit-circle case as in § 3, and so involves 
an arbitrary parameter. We shall consider the two particular cases 
referred to in § 3. We may first take m,(A) to be defined by (3.8), and 
y(2,A) by (3.9). The expansion formula will then be obtained by 
integrating with respect to A the function 


= o(x, A) 
M(x, A) = ey fu (€,A)f (€) d€+ 





ob, (x, A) 
=a a j bol, A)f(E) d 


2 


= he") Ife fv le) f (€) dé-+ 


—-2 





= 


2 sin v7 


(€) | I,(&)—J_,(e)}f() dé. (4.3) 


This has a branch-point at A = 0. The factor sin vz = sin(ivAz) vanishes 
at the points A = —n? (n = 1, 2,...), but owing to the relation 

J_, (2) = (—1)"J,,(2) 
there is a pole only if n is odd, say for n = 2m+-1 (m = 0,1.,,...). The 
residue is 


(4+ 2\Jomsale*) { Jam srl)f(€) a6 











—_ het 665UCOCO 
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Allowing for these residues, the integral 


:. : [ 1,9) dx, 


272 
’ 


taken round a large circle in the positive direction, may be reduced to 
an integral round a loop starting at +00, encircling the origin in the 
positive direction, and returning to +00. The contribution to this of 
the first term in (4.3) is 

zx 


l tJ e~)— J_(e* 
az [POO an | eb fle) e+ 





42. sin v7 
0 —@ 
A ] r ‘io ja” a (ef 
Th [: ae an fu e)F(G) a 
0 
=; [Oa | [J,(e8)—I_(eF)]f @) a 
47 SIN v7 
0 x 


Lf Jjy(e%)—I_jy(€*) [ 
= — — = - dA J,(€&)—J_ yy dé, 
ge inp — @ | Peale) —FialeFl FO) af 
0 — 
and similarly for the other part. 
Hence the complete expansion formula is 


x 
x 


J (x) a > (4m- 2) Jom+1(€*) [ Jom i( ef) f () dé — 


ty 


m=0 = 
rT (et) J. wale) = 

oat as : _ (44 
| 4 sinh 7vA an . [Yivale J_iy(€)|f (E) dé. (4.4) 
0 _- 


Similarly, if m,(A) is defined by (3.10), and %,(2, A) by (3.11), we obtain 


(0,4) = 57 {,(e) + _(e*)} "! Ie) f(é) dé-+ 


2 sin vr 


< 
—@ 


1 


© { we (ef) f (6) dé, 


2sinvr J 


and the expansion waned is 
= 8 
f(x) :> 4mJ. 


m=1 


of Jam (08) f (€) E+ 


4 | = (C7) +I—ivale*) gy it alee) +I valeSf(é) dé. (4.5) 


2m 


4 sinh wvA 
0 —@ 
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If we put e* = s, ef = t, and 

fix) = fllogs) = g(s), 
these formulae take the form 


g(a) = > (4m+2Vousrl) | Jon stot) F— 


m=0 





- | Fal) —F-wal8) gy “| [Fualt)—Fwalt)]g we (4.6) 


4sinh zvA 
and 0 


g(s) = >, mon ofa am(t 


4 J_iy 
+ i sates afi Tual+ Fox. (4.7) 


5. We shall discuss now the relation between the above formulae and 
the Webb—Kapteyn theory of Neumann series. 
A Neumann series for an odd function g(s) is of the form 


> {Gem+1 Fomsa(8), (5.1) 


m=0 
and it is known that certain classes of analytic functions can be expanded 
in this form. However, in view of the formula 


0 (m # n), 


1/(4n+2) (m =n) 


| vansalOHanialS = | (5.2) 
0 

it is also possible to calculate the coefficients a,,,,, in the case of an 
arbitrary function of a real variable g(s). Proceeding in the manner of 
an ordinary Fourier series, we obtain 


Aomix = (4m-+2) f 9s baal (5.3) 


It was shown, however, by Kapteyn, that the series (5.1), with the 
coefficients (5.3), can represent the function g(s) only if g(s) satisfies the 
integral equation 


g'(s) = 


bo| = 


5 | At (t-+s)+g(t—s)} dt. (5.4) 
0 


+ G. N. Watson, Theory of Bessel Functions, § 16.4. 











ait 


~~ = wf LA 


Q5e 


F 
' 
I 
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For an odd function g(s), this is equivalent to 


9'(0) = 5 | AP ge+y—ge—o} at. (5.5) 
0 


This equation was solved by Hardy and Titchmarsh.} It was shown, 
for example, that, if g(s) is of integrable square over (—00,00), then a 
necessary and sufficient condition for (5.5) to be satisfied is that 9(s) 
should be of the form 

1 
g(s) = [ {a(u)cos su+-b(u)sin su} du, (5.6) 
0 
where a(uw) and b(w) are L7(0,1). In particular it follows that g(s) must 
be an integral function of s of a certain type. 

The formulae of § 4 throw a new light on all these questions. The 
Webb-Kapteyn Neumann expansion of g(s) is just the formula (4.6) 
without the repeated-integral term. The condition that it should be 
valid is that the continuous spectrum should make no contribution to 
the expansion. It is to be expected that this will hold only for special 
classes of functions. 

To prove the sufficiency of the Hardy—Titchmarsh condition directly, 
suppose that g(s) is of the form (5.6) and is odd, so that in fact it is 
of the form 


or 
~I 
— 


1 

g(s) = b(u)sin su du, (5. 
0 

where b(u) is L7(0,1). Then 


, sin tu 


ee 1 oo 

# lt 

[ Pal)—Fenld}OF = [ 00) du [ fFn)—Fsa0} 
0 0 0 





dt, (5.8) 


the inversion being justified by absolute convergence. Now,{. if 
e<— ¢ < i, ‘ 


[ J, (¢)sin tu 








sin(v aresin u 
dt = sin(v arc .. 


. 
0 


Hence the inner integral in (5.8) vanishes, and the result follows. 
To prove a theorem of the converse type, we observe that the Parseval 


+ G. H. Hardy and E. C. Titchmarsh, Proc. London Math. Soc. (2), 23 (1923), 
1-26. 
t G. N. Watson, loc. cit. § 13.42 (2). 
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formula corresponding to (4.6) is ( 
a en a\"_ 
{& ds = (4m+2) | Hemsst0 90'S 
0 m= 0 


a at 


= la 4sinh Saal [Jivalt)—J_ival t) |g(t) 
0 


For the contribution of the continuous spectrum to vanish, the second 
term on the right must vanish, and therefore f 


f vine J_ivy( (t)| te dt = 0 (5.9) 


for all positive rem of A. 

In order to avoid intricate analysis, we shall assume in this problem 
that g(t) is absolutely continuous, that g(t) and g’(t) are both L*(0,00), 
and that g(0) = 0. As in Theorem 68 of Titchmarsh’s Fourier Integrals, 
it follows that, if ,/(47) b(u) is the sine transform of g(é), then b(uw) and 
ub(u) are both L?(0,00). 

Since J,(#)/t is L?(0,00) if R(v) > 4, we can calculate 


8) 


| “lO a(t) dt 


0 





by the formulae of Fourier sine-transforms. We have 








oo »-l sin(v aresin u u<l), 
Tit). 1 ( ) ( ) 
sin ut dt = sin dvr | 
ep Ow > D. | 
vf u+t-./(u?—1) |" 
i] 
Hence, if R(v) > 3, 
ro) 1 | 
J,(t) k =v u) sin Yr | 
Sw" alt) dt = chet Pa ol ) du b(u) du. 
eos +f gett phonee | 
0 0 


Under the above conditions, these isibeil converge uniformly with 
respect to v for R(v) > —4, |v| > 6 > 0, so that the formula holds, by 
the theory of analytic continuation, in this region. In particular it 
holds if v is purely imaginary. Taking v = ivA, then v = —ivA, and 
subtracting, we obtain, by (5.9), : 


fu +4/(u@—1)]®4—[w+./(u2—1)]-*Atb(u) du = 0; 


1 
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or, writing w = cosh w, 
x 


 b(cosh w)sinh w sin(wvA) dw = 0. 





0 
a 
Since | {b(cosh w)sinh w}? dw = b?(w),/(u2—1) du < a 
0 1 


under the conditions assumed, it follows that 


b(coshw)sinhw = 0 


for almost all values of w, i.e. that b(u) = 0 for almost all values of w 
greater than 1. Hence g(s) is of the form (5.7). 
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1. Introduction 
ao 

THE function | t-"e-™ dt, where n is a positive integer and x > 0, has 
1 


been variously denoted byy £,,(x), U,,(x), and K,(x). I shall adopt the 


notation £,,(x) and write 
co 


E,,(a) = [ t-"e-* dt. 
i 
The object of this paper is to extend the work of V. Kourganoff, whose 
two papers on the function and related integrals} will be referred to as 
K 1 and K2. 

The function £,,(x) is becoming of increasing importance in problems 
connected with the radiative equilibrium of stellar atmospheres and in 
problems of neutron diffusion. In K 1 and K 2 Kourganoff has given 
an account of the properties of E,,(x) and of its relation to other functions 
of analysis such as the incomplete gamma function, Whittaker func- 
tions, etc., and he has evaluated integrals of the form 


eo 
Th an(@) = | ePrysE (ax) dx, (1.1) 
0 
io 2) 
FF a.nyns(%) %) = | er asE, (a, x)E,, (a,x) da, (1.2) 
0 


where 8, ”, 1, %2 are integers (s > 0; n, n,, m2 > 1). These are of 
importance in the solutions of the physical problems referred to above. 


t E,(x) has been used, for example, by E. Hopf in Mathematical Problems of 
Radiative Equilibrium (Cambridge Tract 31). U,(2) has been used by Eddington 
in The Internal Constitution of the Stars (Cambridge, 1926). K,,(x) is the notation 
used by Kourganoff in K 1 and K 2 (see below). 

{ Annales d’ Astrophysique, 10 (1947), 282-99 (K 1) and 329-40 (K 2). 

§ See, for example, Kourganoff, Comptes rendus, 227 (1948), 1020-2. 


Quart. J. Math. Oxford (2), 1 (1950), 176-84. 
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It is of mathematical interest to extend the definition and properties 
of E(x) to complex values of n and x, and I do this in § 2. In § 3-6 
I consider integrals of the form 
x 
TF ovruvylTys+++ py) = | eP*a°H, (a, 2)...H,,(a, 2) dx, (1.3) 
0 
where 7p, @, 4),..., Vey Byye003 a;, are complex, and I deduce reduction 
formulae for the integrals (1.2) which have some advantages over those 
given in K 1 and K2. 
In the following paragraphs, o, v;, p, a; will denote complex numbers 


and s, n,; 


; will denote positive integers (or zero). 


2. The definition and properties of £,(z) 
When v is any complex number and when R(z) > 0, we define £,(z) 
by ai 


te dt, (2.1) 





1 
where /” = exp(vlogt). Then £,(z) is an analytic function of z which 
is regular for R(z) > 0, and it is an integral function of v. If R(v) > 1, 


then E,(0) = @—1)2. 
If R(v) < 1 and if z is real and positive, 
E.(z) = 2-1 [ ue-" du = 2 P(1—y)— [ o“g? au, 
: 0 


and so we get 


bo 
bo 
~~ 


, , - — 1)¥zk 
Bz) = 290—»)— > aeons iy (2. 
k=0 ' 


a formula which provides the analytic continuation of £,(z) to the 
domain |argz| < 7 except when v is a positive integer. By letting 
v—>n(n > 1) in (2.2) weet the corresponding expression for E,,(z), viz. 


n— 


ra + Jo ie <I 
n= > peat) oy (lost ae 


od | 
, = (—1)*-12* a ” 
+ z k\(k—n+1) (jargz| <7; n>1), (2.3) 


the first sum being absent when n = 1. 
On writing ¢ = 1+-w in (2.1), we get the formula 
} e-=u 
EL (z) = | ———du (R(z) > 0), 
(I-Fuy 


0 


3695.2.1 N 
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and by rotation of the line of integration it follows that 





cE, (2) -(aS i ae cB dt (\B| < 4a; R(ze®)>0). (2.4) 
0 


By applying Watson’s lemma} to (2.4), we at once obtain the asymptotic 
expansion of £,(z) for large |z|, viz. 


E,(z) ~ e{? In ia nN --f. 
By varying f in (2.4), this is found to hold for jargz| < 7—6 (8 > 0). 

Two other formulae are of great importance in the sequel. These are 
Ez) = —E£,_,(2), (2.6) 


(v—1)E,(z) = e*—zH,_,(z). (2.7) 
Both are easy deductions from (2.1) and both hold for |argz| < z. 


(2.5) 





3. The evaluation of J; ,,,,: general considerations 


By (2.2) and (2.5), the integral 
FE orn B1s---9 Oy) = | e222, (a, 2)...E,, (ay 2) dx, (3.1) 
0 


where |arga,;| < 7 for i = 1, 2,..., k, will converge if 
R(p+a,+...+a,) > 0 
and if R(o)+R(y,,+...+,,—G+1) > 0, (3.2) 
where v,,,..., v,, are those v; whose real part is less than unity. The 
condition (3.2) is always satisfied when o=—s>0, vy, =n; >1 
(¢ == I.,..., &). 
[Because E,(px) = e-”*/px, the integral could be written 


p [ x1H (pax) E,, (a; x)...E, (a,x) dx 


0 


and this can be considered as a special case of Ij} ...,,,,. No real 
simplification is gained by this and the fact that we are considering the 
Laplace transform of x, (a, x)...E,,(a;,,x) is lost.] 
It is convenient to give a meaning to (3.1) when k = 0, so I define 
I, = [ eP#? dx =T(o+1)p°4 (Ro) > —1; R(p) > 0). (3.3) 
0 
+ Copson, Functions of a Complex Variable (Oxford, 1935), 218. 








> ee 


~- Oo =—S— —_— “+ 
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I shall now show that relations (2.6) and (2.7) enable us to reduce 


TF ov1.v either 
(i) to a together with integrals of the formt os ae 


or (ii) to Toy, where each v; may be either v; or v;—1, together 
with integrals of the form I>", _,. 
From this it will follow that, provided that J*>",,,_, can be evaluated 
for 1 < r < k and provided that an integral is known to which If ,,, ,, 
can be reduced by reduction of a, 14,..., vy, by integers, then Jk, ,,, can 
be evaluated. In particular it will be possible to evaluate If... n, 
provided that integrals of the form I* 5", n,_, (1 <7 < k) are known 
and provided that J*,, , is known. This forms the basis of the evalua- 


tion of the integral (1.2). 
Proof of (i). From (2.6) and (2.7) we have 


2B (2) = (v—1)E,(z)—e~. (3.4) 
Using this we see that 
= {ePr aH, (a, x)...L,, (a, x)} = —peP*x°E, (a, x)... (a, 2)+ 
dx 
+(o+y,+...+%,—kh)eP*x°1E, (a, 2)...L,, (a, 2)— (3.5) 


k k 
eos > e(p+airyo-1 IT E,,(a;2), 
j= 


i=1 
where the prime denotes that the term j = 7 is omitted. On integrating 
over (0,00), the integrated terms vanish at the upper limit when 
R(p+a,+...+a,) > 0, and we obtain 


k — il »\ Jk 
P ee = (o-++1 1 Tee +», —k) 55-19. 
k 
k-1 . = , 
<3 Behe tananssann tim €-*0°B, (ay 2).-By (yt). (3.6) 
[= xr 


This proves (i). 
From (3.6) we see, in particular, on putting p = 0 and replacing o 
by o+1, that Ji can be evaluated when integrals of the form 


0,0,V1...Vz 
Tee} vp, ave known. I shall return to this important case in § 5. 
Proof of (ii). By (2.7) we can replace one or more of the £,(a; x) 
‘nk , 
(v; oa 1) in by 
1 
—o at —a,xE,,_,(4;2)}. 


Let us suppose that EH, (a,2),...,£, (a,x) (n < k) are so changed. On 


When I say that integrals are ‘of the form J*— *, I do not mean that 
) g 

k 

D,Vy..V_" 


POV y.VE—p 
any of p, o, V;,..., Vz_, are necessarily the same as those appearing in I 
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multiplying out we get integrals of the form Jk>" ,, . (r = 1,...,n) 
together with the integral Jf... 1-1 vn—tvnsi.y¢ But this can be 
reduced by (i) to JF o,,-1....ve—t,yn+imqve 2nd to integrals of the form 
Ik} ...vp_y 80 (ii) is proved. 

It will be noticed that, although integration over (0,00) has been 
considered above, the same methods hold for integration over a finite 
interval (a,b) where 0 <a <b. 


oo 


4. The evaluation of J}, ,(a) = [ ePty9 F (ax) dx 
a 
Ti sn(@) has been evaluated by Kourganoff in K1. By a similar 


method, i.e. by substituting for H,(ax) from (2.1) and inverting the 
order of integration, we arrive at extensions of his results, viz. 
THEOREM 1. Jf R(a) > 0, R(p+a) > 0, R(c)+min{1, R(v)} > 0, then 


I. (a) = T(o+1) F(o+1,0+v;0+v+1; —p/a) 


pow" ae*(a+y) 
= PD Wet ecetekt: —p/a). (4.1) 
a(o-+-v)(p+a)? 

The conditions R(a) > 0, R(p-+-a) > 0 together imply that —p/a lies 
within the domain of existence of the hypergeometric function. 

When o = s8, v=, more useful results than those contained in 
Theorem 1 can be obtained by means of reduction formulae.} From 
(3.6) and (3.3) we get, since lim e~?*2°H, (ax) = 0 whens >1,n >1, 

z—0 





Formvuta I. Jf |arga| < 7, R(p+a) > 0 and ifs >1,n > 1, then 
PL sn(@)—(n+8—1)Th -1,n(@) _ —(p+a)T(s). 
Using this, the reduction of I} ,,, to 
1 p ‘ 
Th oa(@) = ? log ( + “) (4.2) 
can be completed by 
Formuta II. Jf jarga| < 7, R(p+a) > 0 and if n > 2, then 
1 
PLion(*)+4D5 on-1(4) = “oa 
To prove this we use (2.6). Then 
alt on-1(2) i [ e~* F (ax) dx = E,,(0)—plp,o.n(@) 
0 
on integrating by parts. Since £,,(0) = 1/(n—1), II follows. 
t Kourganoff, in K 1, establishes a reduction formula connecting I},,,, with 
T,,s-1,n+1» thus reducing I,,,, to I,..n,5» Which is easily evaluated (see (4.3)). 
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From II and (4.2) we easily obtain the important formulat 


. = (—1)"+1 a ad | . p p | 

D0,.n(@) —_ a (*) los ‘+; +$n-1 a y (4.3) 
7 bata n (—1)kak as 
where d, (x) = a es d(x) = 0. (4.4) 


Formulae I and II are true, also, when s, » are replaced by oa, v 
provided that R(c) > 0 and R(o+v) > 1 in I and that R(v) > 1 in II. 
If o+v = 1, formula I breaks down, but we can get an interesting 
result if we return to (3.5) (with k = 1). This gives 


pe pryl—v FE (ax) = —e-wtony + © fe-ren!-+E, (az); 
and so, if R(v) < 1 
pl 1-y,(@) —T(i—v)(p+a)’-!+ lim e-?72!E, (ax) (4.5) 
zr—0 


= [(1—v){a’1—(p+a)’}, 
by (2.2). ; 
5. The evaluation of /7,,,,,,(@),42) = [ rE, (a, x)E, (ax) dx 
0 
From (3.6), with p = 0 and with o+1 in place of o, we have 


(o+v,+r,—1)[% 


0,0,V1V2 


as f° 


(a1, 3) 


2) +Ih..0,v,(41)— lim x1, (a, x)E, (a,x). 


z—>0 


,0,V2 (a; 


But, for convergence of the integrals, we must have 
R(c)+min{1, R(v,), R(ve), R(vy+v2.—1)} > 0, 
and so lim 2°*1F,, (a, x)E, (a,x) = 0. 


z—0 

Hence we get 

THEOREM 2. Jf |arga,| <7, \arga,| < 7, R(a,+a,) > 0, 
and R(c)-+min{1, R(v,), R(v2), sie ig ls > 0, 
then (oY +¥2— 1) Dp o,v,.(41» 2) = Li,,0,02(42) + La,,0,v:(41)- (5.1) 
If, in addition, R(a,) > 0, R(a,) > 0, then 

(+1 +¥.—1)J5 6. v4y9(A1 2) 
_ T+) VB (o+1, 0+ o+v,+1; —" 4+ 


a$*1(o+v, 


rs I'(o+1) ‘ ‘ As ~ 
tase) Flotlotysoty +; — 3), (5.2) 


+ K1 (6.8). 
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The special result given by o = 0, vy = 14, vg = Nz is of importance, 
Using (4.3) we havet 

Corotuary. If jarga,| <7, |arga,| <7, R(a,+a,) > 0, n, >1, 
NM, > 1, then 


—])%tl ny 
(4+ y— 1) Than tase) = 2)" (Ba) "tog (1+) +-4,,-4(22)] + 
1 1 


ay a 
(—1)™*" (a2\" fog (1 4% =) P 
(ee) flog (1 +21) +b0.-a(2)} (5.3) 
where $,(x) is given by (4.4). 
If a, = a, = 1, it is usual to write J,,,, for [jom,(1,1). With this 


m,n 


notation, and using, also, a notation introduced by Kourganoff in K 1, 
we get the formula 


(m+-n— 1)Inn _ (m-+-n— 1) [ E,, (x)E,, (x) dx 


0 
aie {(—1)™*1+-(—1)"*4} log 2+-a}, +a} 


where a} is determined by 


1 
at.ta—=—-— (n>1), al = 0, 


One other form of (5.3) is of special interest. This ist 


‘ 1 a Q>)"+42 
T§,,1,1(41, 42) = ——log (4,-+a)""* . 
7, A As atag 
«a 
6. The evaluation of J? , ,,,(@,@2) = | e-Prx2E, (a, x)E,, (yx) dx 


0 
When p + 0, unless new functions are introduced, it seems only to 
be possible to evaluate J? ,,,,, in special cases. Even when 
O,V1, Vg = 8,14, Nog, 
evaluation requires the introduction of the function (z), which is 
defined in the plane cut along the positive real axis from 1 to oo by 


(2) = — [ seat. 





+ The formula (5.3) is given by Kourganoff [see K 2 (2.8)], but he did not 
find the general formula (5.2). 
t Cf. Glaisher, Quart. J. of Math. 18 (1882), 375 (9). 
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Kourganoff has shown that, if R(a,) > 0, R(a,) > 0,R(p+a,+a,) > 0 


h 
on T* 91,1(41) ay) = V, (44, 4g) 


= —bn*+log "log 7 249 (t a) +4 (— 1), (6.1) 


where g = p+a,+4y. 

When go, 1,, ve = 8, 24, Ng, (3.6) gives 

Formutalll. Jf |arga,| < 7, ljarga,| < 7,R(p+a,+a,) > 0,n, > 1, 
nm, > 1,8 > 1, then 


2 
P (a1, 42)— -(Ny +N, +e—5 ee, 1ning(1> 2) 


—— — Fy a:0-1,ns(42)— Fp +05,0-1,0:(41)- 
By the method (ii) of § 3 we also get 
Formvuta lV. If |arga,| < 7, |arga,| < 7,R(p+a,+a,) > 0,n, > 2, 
NM, > |, then 
P(m— ] ) TB onins(41 Az)+a, (n, +n,—2)1% 9, n,-1, n(%4, as 2) 
= (p+) +a,,0,ns(42) +1 Lh +03,0,n,-1(41)- 
Formuta V. If |arga,| < 7, |arga,| < 7, R(p+a,+a,) > 0,n, > 2, 
N, > 2, then 
p?(ny—1)(n.— l )F3 onins(41> 42) — 
Ay Ag(N+-N— 2)(Ny+Ny— 3) TF 0,n4-1,ng-1(% V2) 
= p—A,{(ny—1)p+(ny+N2—2)d2} D5 +4a2,0,n:-1(4)— 
—a@ o{ (Me = 1)p+(my+n.— 2)a,}JF p+a,,0, no-1(42)- 


By II and the results of § 4, J?,,,,,, can be reduced to J?,,,,,, and 


by IV and V this can be reduced to [3 5,, = V,(a,,@,). Thus, for 
example, from V and (4.2), 


2a, G2 


> 1 
If 2,0,2,2 = p V, (asa) +5 — ; (p+ 2a, 2) Lh +a2,0,1(44)— 


=. 2 (p+ 2a,)I h+a1,0,1(42) 


= aay, (ay, 4g) + 5 erm 2) og 1 —T2(PT 2A) jog 2, 
p* p P(p+a,) “a, P(p+a) “ay 
where ¢ = p+a,+4g, and this is K 2 (6.3). 
The formulae III—-V hold, of course, when s, ”,, m2 are replaced by 
o, V1, Ve provided that these are suitably restricted. III breaks down 


+ K2 (4.16). Kourganoff gives his formula for real p, a,, a2, so I have extended 
it and I have corrected an error and regrouped the terms. 
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when o = 2—v,—v, and R(v,) < 1, R(v,) <1, but, if we return to 
(3.5) [ef. the method used for (4.5)], with the aid of Theorem 1 we 
easily show that 

pl? (a,, 4.) = T(1—v,)P(1—v,)ay1a32-1 — 


P,2—V1—V2,V1V2 


‘ | Lan Vi+Vve— 1 2 € . p+a 
—DP(2—v,—v_)(p+4,+49) sicialing manag? (bY 2—v;—2T%) + 


l +A, > 
+ — VF (1m 23 —? a (6.2) 


a,(1—v, a 


where R(a,) > 0, R(a,) > 0, R(p+a,+a,) > 0. 





























BOUNDED INTEGRAL TRANSFORMS (II) 
By 1. J. GOOD (London) 
[Received 7 June 1949] 


8. The present note is a continuation of a paper by I. J. Good and 
G. E. H. Reuter,? and the notation is the same as in that paper. 

Every transformation 7, (with domain L?) is bounded and linear{; 
every linear bounded transformation (with domain L?) is a Tj. The 
kernel ¢ of a linear bounded transformation is called a standard kernel. 
(This is a redefinition of a standard kernel and, if it is adopted, the 
previous Definition 3 becomes a theorem.) If 7, and 7, are bounded 1.t.’s 
with bounds B, and B,, then 7}(7,) is also a bounded 1.t. with bound 
not greater than B, B,. Let the kernels which give rise to 7, and TJ) be 
¢, and ¢,. I shall denote the (standard) kernel which gives rise to T}(7}) 
by ¢5.¢, and, if it requires a name, it may be called ‘the operational 
product of ¢, by ¢,’. (The use of this notation requires care. The 
operational square of ¢ is best denoted by ¢.¢ and not by ¢?.) When 
we wish to bring the arguments 2 and ¢ into evidence, we write ¢,.¢,(2, t) 
but not ¢,(2,t).¢,(xz,¢). This last expression would represent the 
ordinary product, but it is better to omit the full point for this sense. 

The operational product of two standard kernels is determined by 
the following theorem. 


THEOREM VI. Let ¢ and & be standard kernels. Then the standard 
kernel us. is given by the equation 


@ 


[ 4d, t) dt = [ py, t)p*(a,0) dt (11) 


0 
which holds for all non-negative x and y. 


Before proving this theorem we notice that it includes Theorem V. 
For the kernel which gives rise to the identical transformation is s,(¢), 
so that, if 7), is a left inverse of Ty, then the left-hand side of (11) reduces 
to min(z, y). 

t Quart. J. of Math. (Oxford), 19 (1948), 224-34. 


t See, for example, E. Hille, Functional Analysis and Semi-Groups (New York, 
1948), Theorem 2.13.9. 


Quart. J. Math. Oxford (2), 1 (1950), 185-90 
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In order to prove Theorem VI I shall make use of the following 

Lemma. If T is a bounded l.t. and ¢ is a standard kernel, then a 
necessary . sufficient condition for T = Ty is that, whenever a > 0, 
we have Ts,(t) = $*(a,t) for almost all t. 

Proof of a lemma. (i) Necessity. Let a > 0 be given and suppose that 
T = T;. Then 


o 


| sa(t)p(a, t) dt = f dee ae 
a 


= j $*(a, t) dt 


Therefore Ts,(t) = Ty8,(t) = ¢*(a, t) for almost all t. 


(ii) Sufficiency. Ts,(t) = Tys,(t) for almost all ¢. Therefore, since 
T and Ty are linear, Ts(t) = T; s(t) (almost everywhere) for any step- 
function s(t). Therefore 7f(t) = 7, s(t) (almost everywhere) for any 
given f which belongs to L?, as required. 


Proof of Theorem VI. By the definition of an adjoint kernel (which 
exists, by Theorem III), we have 


f ¥-6(y.t) dt = j (b.d)*(ax, t) dt 


y 

— | Ty, Ty 8,(t) dt (by the lemma) 
a 
y 


= | T,d*(x, t) dt (by the lemma) 
0 


oe) 


= | dy.ngr(e,t at 


0 
by the definition of 7,. (The theorem is also true for complex kernels, 
where x 


- y 
| d(y,t) dt = | {o*(w, t)} dt, 
0 0 
the brackets {} here denoting the complex conjugate.) 


CoOROLLARIES 


i) [ -dly,t) dt = | dy, )4*(@, 0) dt. 
0 0 











)- 


h 
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x 


‘ fre ry] 
(ii) [ $.d*(y,t) dt = | diy, tow, t) dt = | $.$*(v,0) de. 
0 0 0 
Thus ¢.¢* is self-adjoint. 

(iii) More generally the adjoint of %.¢ is ¢*.~*. 

(iv) If é and & are bi-orthogonal, then 4.¢* = J, where I(x, t) = s,(t). 


9. The next theorem provides an alternative condition for a kernel 
to be standard. 


THEOREM VII. The function ¢(2,t) (QDR x<ao; O<t<o)isa 
standard kernel if and only if there is a standard kernel ® such that 


| $e, O$ly,t) dt = | Oy, t) dt 
0 0 


for0 <%<0,0<y<o. If this condition is satisfied, then 
(modulus of 4)? = modulus of ® ; and Ty is self-adjoint. 


Proof. We know that, if ¢ is a standard kernel, then so is® = ¢.¢*, 
and © is self-adjoint. 

The first half of the theorem can be proved in half a page by showing 
that, if the conditions of Definition 3 are satisfied for ®, then they are 
also satisfied for ¢. (The proof involves one application of Schwarz’s 
inequality.) I omit the details since Theorem VII is an immediate 
consequence of known facts about linear operators. If the moduli of ¢ 
and ® are B and B’, the proof (whose details have been omitted) shows 
only that B? < B’. But, by Theorem IT, the modulus of ¢* is B, so 
that the modulus of ® = ¢.4* does not exceed B? (by the fifth sentence 
of § 8). So B? = B’, 


10. Dr. H. Kober has informed me that in a thesis which he wrote 
some time ago he obtained the following condition for ¢ to give rise to 
a bounded 1.t. with bound B. (I am largely indebted to Dr. G. E. H. 
Reuter for the method of presentation of both § 10, 11.) For any /,, c,, 
(os = 1, 2...., ¥; ¢, > 90), 


x 


N 9 
[ Son Hens t) |" dt < B® ¥ Iq t, min(Cy, Cy): (12) 
n=1 


mn 





0 


The conditions (2) and (12) both state that 


| [T*k(t)}? dt < B? { k(t) dt, 
0 


0 
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where k(t) is an arbitrary step-function. For (2) take k(t) as in § 9, 
while for (12) take N 


The condition (12) has a simpler left-hand side, the condition (2) a 
simpler right-hand side. (Actually Dr. Kober expressed his results, 
quoted in §§ 10, 11, with slightly more generality, i.e. in the complex 
form.) 


11. Dr. Kober has further pointed out the following facts. 


(i) Closely allied to Theorem B is a theorem, say Theorem B’, 
expressible in the form 


B,. B,. B; > By. By, B,.B; > B,. B,. Bs. 
Theorem B’ (unlike Theorem B) includes Theorem A. 


(ii) Suppose that ¢ and ¢ are standard kernels. Then the transforma- 
tions Ts and Ty are inverse to each other if and only if 


[ b*(x, t)b(y, t) dt = [ d(x, tb*(y, t) dt = min(x, y) 

’ (0<%<0; OK y<o). 
This theorem, which generalizes Theorem E, may be called Theorem E’. 
It is an immediate consequence of Theorem V. 

(iii) Theorem E’ effectively includes B’. The implications are now 





VI EK’ —-— | 0 
/ 
| Doe 

y y 

B’ ——_—- — A 





12. An iterative process for inverting bounded transformations 


If 7 is a bounded linear transformation (with domain L*) and if 7’ 
exists, then 7'-! can be found by means of an iterative process. The 
process is similar to one which can be used for finding the reciprocal 
of a number or matrix, without the use of division.t I shall begin by 
finding U-! where U = 7(7*), after which 7-1 can be determined 
as 7'*(U-1), 

Let a be a real positive number. It will be necessary to restrict a, 
but the restriction is left unspecified for the moment. Let 


U,=al, U,,,=2U,—U.U2 (n=0,1,2....), 


+ See, for example, H. Hotelling, Annals Math. Stat. 14 (1943), 34. 
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where J now represents the identical transformation. We see at once 
by induction that U,, commutes with U. Let 


V, = U-A-U,,. 
Then Vig, = UO .V5, 
and it follows by induction that 
V, = U-\(I—aU)*". 


Therefore V < ij-3 | } \I—a 1 y 2" 


n 
where the modulus signs here denote the bounds of transformations. 
If we can select a so that |J—aU| < 1, it will follow that |U-1—U,,|-+0. 
In applications to linear integral equations this will enable us to obtain 
arbitrarily good approximations to the mean value in any given interval 
of the unknown function. 

Now the bound of a transformation U for which U* = U is given by} 


U| = bd) [ f.Uf dil, 
la «| 
where the upper bound is taken over the set of functions f the squares 
of whose integrals are equal to 1. (This interpretation will be assumed 
for all upper and lower bounds to be mentioned in the present section.) 
But 3 ‘ 
( f.Ufdt = [ f.7*(Tf) dt 


0 0 





— [ (Tf)? dt, by (5), 
0 
= 0. 
It follows without difficulty that 
I—aU| = max(|1—ab,|, |1—ab,}), 
where e 
b, = bd | f.Uf dt (the lower bound of U), 
0 
b, = bd | f.Uf dt = |U]. 
0 
Therefore by choosing a so that 0 <a < 2/b, we have |J—aU| <1, 
provided that b, > 0. Now this condition is satisfied if U has a bounded 


+ Stone, Linear Transformations in Hilbert Space (New York, 1932), 34. 
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inverse.t But, if 7’ has a bounded inverse, then so also has 7'*, by 
Theorems II and E’, and therefore so also has U. 

In the above process perhaps the best value to take for a is 2/(b,+0,), 

since this minimizes |J—aU|. In fact it makes 

|\I—aU | = (b,—6,)/(b,.+9,). 
The convergence of the iterative process is therefore rapid if b,/b, is not 
small, and is ‘ultimately rapid’ in any event. 

In practice the calculation would probably be carried out without 
knowing 6, and b,, so that the ‘best’ value of a would not be known. 
It may then be necessary to try for a various integral powers of 2, 
such as 1, 4, 2, 4, ete. The process could be generalized to complex 
kernels by means of trivial changes. 

In the analogous process for inverting a non-singular matrix P, we 
first find Q-1, where Q is the positive definite Hermitian matrix P’P. 
(P’ is the complex conjugate of the transpose of P.) The process is 
simpler than the one above. The numbers 6, and b, become the smallest 
and largest eigenvalues of Q. If b, and b, are not known and a particular 
value of a is being tried, then the process will certainly not converge 
if at any stage the trace of Q,,,, is less than that of Q,,,,; where Q, is 
the scalar matrix al and Q,, is defined by the recurrence relation 


Q, +1 = 20,— QQ;.. 


13. Summary 

In § 8 the kernel is specified which gives rise to the product of two 
linear transformations of known kernels; §§ 9, 10 are concerned with 
forms of the condition for a kernel to be standard; § 11 is a condensed 
account of some remarks of Dr. Kober’s; § 12 provides an iterative 
method for finding the inverse of a bounded transformation when the 
inverse exists.{ The method may of course be regarded as one for 
solving linear integral equations. It is similar to a method for inverting 
a matrix. The convergence is rapid under specified conditions and is 
always ultimately rapid. The theories of Banach and Hilbert spaces 
are avoided as far as is convenient: there is, for example, no direct 
reference to ortho-normal sets. 

I am indebted to Dr. F. Smithies for pointing out an error in a 
previous draft of § 12. 

+ See, for example, Hille, loc. cit., Theorem 2.13.1. 

t Cf. A. T. Lonseth, Proc. Berkeley Symp. Math. Statistics (Berkeley and 
Los Angeles, 1949), 353-8. 
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A CLASS OF FOURIER KERNELS 
By A. P. GUINAND (Shrivenham) 
[Received 1 June 1949] 


Introduction 
Ir K(x) satisfies appropriate conditions* and its Mellin transform 





K(s) = K(x)x8-! dx 
0 
satisfies K(s)K(1—s) = 1, 
then K(x) is a Fourier kernel. 
. 2\3 
If K(z) = (=)? COs 2, 
7 
2 
then K(s) = (=)? I'(s)cos $87 
7 
9 
and K(s)K(1—s) = —T(s)P(1—s)cos }sz sin $sx 
7 


1 , 
= -——- X 2cos }srsin dsr = 1. 
sin 87 
Thus the Fourier cosine kernel can be regarded as arising from the 
factorization ‘s e ’ —_ 
sin 87 = 2cos }srsin }sz. 


A more general factorization is 


2k-1 
. — 92k-1 : = 
sin 87 = 2 [| sin(s+7r) yf (1) 
r=0 
where k is a positive integer. Put 
R(s) = 2*(2n)-4T(s) I] sin(s+n) >, (2) 
2 


where » runs through a set of k integers in 0 < n < 2k—1 such that n 
and 2k—1—n are never both members of the set. Then 


* E. C. Titchmarsh, Fourier Integrals (Oxford, 1937), Chapter VIII. The 
conditions cover all the examples considered here. 


Quart. J. Math. Oxford (2), 1 (1950), 191-3. 
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R(s)K(1—s) 
os 2%te-aT(or(—a){ | ] sins+m) F\T ] sin(l1—s-+-n) att 


n n 


92k-1 


_ aed | sin(s-+-n) x1 | sin(s+ 2k—1—n) a} =! 


since the two products together include all the factors in (1). Now, by 
repeated use of trigonometrical addition-formulae, (2) can be put in the 


form 
K(s) = (=)! I(s > A ,0os(‘Sr +m, a (3) 


where A, are constants and m, are integers. Further the functions 
e-* ©°8 9 cos(x sin 6+¢4), I'(s)cos(s0+¢) (0 <6 < 4n) 


are a pair of Mellin transforms. Hence (3) corresponds to a Fourier 
kernel 





k 


K(x) = (= ! 2, 4: € ~sco rth eos sin 27 --+ Mm, a) 


Examples. (i) If k = 1, we obtain the Fourier sine and cosine kernels 


2\3 . 2\4 
—)" sinz, —]* cosz. 
7 7 


(ii) If k = 2, n = 0, 1, then 
K(a) = 2—*(e-*— cosx-+sin z) 
is a Fourier kernel. Similarly, if k = 2, n = 2, 3, then 
K(x) = 2~*(e-*-++- cos x—sin x) 
is also a Fourier kernel. Further, if we put 
K(s) = 4(27)-T'(s)sin }(s+ 1) sin }(s+-2)z, 
and §(s) = 4(27)-*T(s)sin }sz7 sin }(s+-3)z, 
then we get a pair of unsymmetrical kernels* 
K(x) = 2~*(cosa+sinx+e-*) 
and H(x) = m-*(cosx+sinx—e-*), 


* E. C. Titchmarsh, loc. cit., 214. 
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(iii) If k = 3, then the following Fourier kernels arise.* 


9\1 
(n= 0,1,2) K(x) = (= re 2e-42v3 sin(La+ 1ar)—cos 2}; 
7 
9 
(n = 0,1,3) K(z) = (= ! {e-42¥3 cos(4a—4m)—cos(x+47)}; 
7 
, 2\4 , 
(n = 0,3, 4) K(x) = (=) fe-te*sin(de c— $m) +sin(x+ }7)}; 
7 
: 2\4 
(n= 1,2,5) K(x) = (= =) {—e-#*sin J2-+-008(¢— In 1)}; 
7 
. 2 
(n = 2,4,5) K(z) = (“\! {e-***3 cos }a—sin(x— 4m)}; 
us 
. 2\4 
(n = 3,4,5) KX(e) = (=)? {2e—-**3 cos(4a-+-4m)—sin a}. 
7 
* The choices n = 0, 2, 4 and n = 1, 3, 5 reduce to the ordinary Fourier sine 


and cosine 


3695,2.1 


kernels of (i). 








ON THE BASIC BILATERAL HYPERGEOMETRIC 
SERIES % 


By W. N. BAILEY (London) 
[Received 13 June 1949] 


1. Introduction 
THE formulat 

(I—a) , (x) (1-8) 
l aR ng ccm oS 
+) pet () (1—aa®)|* 
(ayy Ashe —2), 4. (ef Ae 
+) (i— 22)(1— Bat) * y) (1—ax?)(1—azr4) 
Tl (ay, x?) 11 (2x/y, x*) 1 (—a®, x?) 11 (—aBx, a?) 





Bacis 


(1.1) 








~ Tay, 2°) (Bey, 21a, 2°) — Ba, 2%) 
where II (a,b) = (1+-a)(1+ab)(1-+-ab?)..., was given by Ramanujan and 
described by Hardy as ‘a remarkable formula with many parameters’. 

If we use the notation{ 








«@ 
an ie (244) (%2)ne+(%)n n 
rir 


P1> Pas-+*> Pr pce (Pr) n(P2)n=++(Pr)n 
nam (a), = (1—a)(1—aq)...(1—ag"-), 
(a)_, = 1/[((1—a/q)(1—a/q?)...(1—a/q") | 


and |q| < 1, then (1.1) can be written in the form 
1 [1/a; Bx?; —axy] 


co 


= [| (1—oBar2"+2)(1 + a2" +hy)(1 a2" +1/y)(1—a2n +?) (1.2) 





(1 — ou 2nt2)(] — Bx” +2)/ l + oa” +1y)( l + Ba2n +1/y) 


n=0 


where g = 2?, or, equivalently, 


a a ae ~ (1—bq"/a)(1—azq")(1—q"+1/az)(1—q"*1) 
Malesia) = TT Geta ograah—ogrnimapy | 9 


When b = q, this becomes the well-known result 


@fa;2]=[ | Fea (1.4) 


1—zq" 
n=0 q 





n=0 


+ See Hardy (4), § 12.12.2. t Bailey (2). 
Quart. J. Math. Oxford (2), 1 (1950), 194-8 
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and, if we replace g by g?, then z by qz/a, let ao, and take b = 0, 
we get Jacobi’s formula 

. p tas 1)"qgr*2" _ II [(1—zq?"-)(1—g?"-1/z)(1—q?")]. (1.5) 
It is easily seen that 


M[a;b;2] = pa ie + > Gay (=.)" 


and so we must assume, for convergence, that |z| < 1, |b/az| < 1. 

In (2) I obtained the sum of a well-poised ;¥, which generalizes the 
sum of a well-poised ,®;. For bilateral series of the ordinary type 
Dougall} showed, as long ago as 1907, that the general series ,H,(1) 
could be summed in terms of gamma functions, but I obtained no 
analogous result for basic series. In this paper I give some transforma- 
tions of the general series ,¥,. Miss M. Jackson, to whom I communi- 
cated these results, has found that they have an interesting connexion 
with Lerch’s transcendant.{ 


2. Some transformations of the series ,Y, 
In the product 1, a; z] {V,[5; c; az] 


the coefficient of z” is 


= (a),(b),-» ._»  (b), a” a,g-"/e c¢ 
A“In=t qn-r — “In” @ a 
> enn (c), ** in ab 
__ (ab), (1—q™+1/ab)(1—cq™/b) 
~ (ny Lt Ld —gn/y(1—egn ab) 
on using the basic analogue of Gauss’s theorem. We therefore have the 
formulas 
P| a; z] {4 [b;c;az] = 
m=0 
where |z| < 1, |az| < 1, |c/abz| < 1. 
From (2.1) it is evident that 
11,[5; c; az] {V,[ab’; c’;z] 
os -TI[ 1—q"**/ab)(1—eq™/b)(1—q"**/6')(1 mat td - 
1 LT |(—q m+1/b)(1—eq™/ab)(1—-q"*1/ab’)(1—e’q™/b’) 
x {b's al i ab; c; z]. 














|! 1—q"*1/ab)(1—cq"/b) 


agro —ogady| PLMPe* 





+ Dougall (3). See also Bailey (2). 
t Miss Jackson’s paper is to be published in J. of London Math. Soc. 
§ (2.1) can also be verified by using (1.3) and (1.4). 
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We now equate the terms independent of z on the two sides of this 
identity, and we obtain 


b,g/c’ . ce’ 
ab" 5 | 


™ I] Sg a a a a ag td at ie] x 
(1—g"*#/b)(1—cq”jab)(1—g*¥/ab’)(1—c'g"/b') 


b’,g/e . c¢ 
a ; -|. (2.2 
” —- | a 





The terms in the series {¥, can evidently be written in the reverse 


order, and so wylee. .] bi qid, cd 
2"2led’ * ee /a,q/b’ abz\ 


When we use this relation (2.2) can be written in the form 


AES | 
11S 8q”"*1/aBz)(1—yq/B)(1—azg™)(1—Sq""/a = ‘ 
(l—q m+1/8) (1—ydq"/aBz)( )\a—sg”)(1 —zq"™) 


ms: ‘|. (2.3) 
a 


az, Y 





m=0 


The formula (2.3) can be iterated, and we find that 





= =T] [So —— 1—Bzq") am | . 
—q"**/x)(1—g"*1/B)(1—yq™)(1—8q”) 


oB2/'y, «82/3, yd 
| az, pz ah a 


3. A transformation of a ,Y, into a series of well-poised type 

I now obtain a different kind of transformation of the general ,¥, 
by using an artifice which I used in (2). We take a terminating ,Y, 
with 2n+1 terms, multiply by a suitable constant so that the term 
farthest to the left becomes unity, and the series then becomes a well- 
poised ,®, which can be transformed into a Saalschiitzian ,®;. This 
4, can similarly be written as a jV, and, by making » tend to infinity, 
we obtain a transformation of the general 5. 








asta: aeoectcetead ae 


——- 
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The transformationt of a terminating well-poised ,0, can be written 
as 


a )(qva),(—qva), (c),.( ef), (q-*"), Ra: shanna 
ow (va), ae C), (aq/d), “ed (aq/f ), (ag?" +), (cdef )r 


(1—ag"+")(1—aq”/e)(1—ag” /f )(1—ag”*™ ef 
2n 


53 _ (agled),(e),(F)(9-2")r 
aor aq/c),(aq/d), 
Writing r = n-+-s in both sides, and changing a, c, d, e, f into ag-*", 
cq-", dq-", eq-", fg-", we obtain the formula 


Y aq-",qva, —qva,c,d,e,f,q-” : nt 
sts q”, Va, —va,aq c,aq/d, aq/e, aq/f, aqr +l’ cdef 





- =TI[ 1—aq”) ed eae /e)(1—aqg™**"/f) (l—ag™ | - 





r= 


(49) .(9/4)n(49/cd), (49/eF )n 


(Ge) n(Q/4)n(49/€)n(A9/F n 
- n+1ied_e f g* 
wy, | OP led ed, sq]. (3.1 
” sl =*, dlerexiscrié io 
We now make x tend to infinity, the process being justified by a 


double application of Tannery’s theorem to each side, and we obtain 
the transformation 


¥,| & FJ. “4 
sili aq/c,aq/d’ ef 


q” 





e)(1— 
= -T] la ani q™/a)(1—aq™ led)( (1—aq™/ef ) 
wv, »3 (qva),(— qva), (c)4( (Fs 7 (sa) q®. (3.2) 
x, (Va),(—Va),(aq/c), oa ore (aq/f ), \edef, 


As a limiting case of this transformation it may be noted that, when 
d=aandc, e, f all tend to infinity, it becomes 


q”/d)(1—aq™/e)(1—aq”/f ) 








« 


>a 7 H(i ee S=1 (— 1)8(1—ag**)a**gi#6s-), (3.3) 





which is the formula from which the Rogers-Ramanujan identities are 
usually derived. 
It is evident that the series on the right of (3.2) is symmetrical in the 


+ Watson (5). See also Bailey (1), 69 
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parameters c, d, e, and f, and so we can write down relations connecting 
series {¥,. The relations so obtained are equivalent to (2.3) and (2.4). 


4. Conclusion 

The origin of this paper was an attempt to find the sum of a series 
of, analogous to the sum of a ,H, for series of the ordinary type. It 
will be noticed that, when y = gq and z = 8/af, (2.3) reduces to the 
basic analogue of Gauss’s theorem, but I have been unable to obtain 
a corresponding sum for a \¥;. The formula analogous to (3.2) for series 
of the ordinary type involves a well-poised series ;H;(1) on the right 
which can be summed, but in (3.2) the factor g* prevents the summation 
of the series on the right, and so there appears to be no sum for a .¥, 
corresponding to that for a ,H,. 
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NON-HOMOGENEOUS BINARY 
QUADRATIC FORMS 


By E. 8. BARNES (Cambridge) 
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1. Let f(x,y) = ax?+bxy+cy? be an indefinite binary quadratic form 
with real coefficients and discriminant d = A? = b?—4ac > 0. A well- 
known theorem of Minkowski states that, if x9, yy) are any real numbers, 
then there exist x, y satisfying x = 2 )(mod 1), y = y)(mod 1), or, say, 


(x,y) = (Xo, Yo) (mod 1) (1.1) 
such that f(x,y)| < $A; (1.2) 


the result being true with strict inequality if f(x,y) does not represent 
zero for integer values of the variables, not both zero. I prove here a 
result of the form (1.2) but with A replaced by the function of the 
coefficients of f(x, y): 


A = A(f) = max |f(1,0)|, |f(0, 1)|, min{/f(1, 1), |f(l,—1)|}]. (1.3) 


THEOREM 1. For any real numbers Xo, Yo, there exist x,y satisfying 
(1.1) such that 


\flx,y)| <P. (1.4) 
The result is true with strict inequality if (a9, Yo) 1s not congruent (mod 1) 
to one of the sets (0, 1), (3, 0), (4, 1). (1.5) 


CoROLLARY. The theorem remains true if A is replaced by A(F) where 
F(x,y) is any form equivalent to + f(x,y) under integral unimodular 
transformation of the variables. 


The corollary is an immediate deduction, since (1.1) is transformed 
into a similar condition, and the sets (1.5) are merely permuted. 

The relation between the estimates (1.2) and (1.4) is not an obvious 
one; in § 4, I show that Theorem 1 implies Davenport’s improvement* 
of (1.2) for forms which do not represent zero, namely 


few) <a9(f)a, (1.6) 


* H. Davenport, Proc. K. Ned. Akad. Wet. Amsterdam, 49 (1946), 815-21; 
50 (1947), 378-89 and 484-91. 


Quart. J. Math. Oxford (2), 1 (1950), 199-210 
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where J—42) (0 <t < 42), 
p(t) = 5 ft os t <4), (1.7) 


and f, is any value of |f(x,y)| which corresponds to coprime integral 
values of x,y and which satisfies 0 < f, < A. 

Among the most interesting indefinite binary quadratic forms are 
those of the Markoff series* 


x*+axy—y*, 2(a?—2y?), 5a?+1llay—5y?..... 
Davenport} has obtained precise values of the non-homogeneous mini- 
mum for the first three forms and a general estimate valid for all forms 
of the series, namely 
" \f(w,y)| < }V34 (1.8) 


In § 5, I use Theorem 1 to obtain the precise minimum of the first two 
forms and a stronger estimate than (1.8) for all other Markoff forms. 

THEOREM 2. Let Q be one of the Markoff numbers 1, 2,5, 13, 29,..., and 
S(x,y) a Markoff form with (homogeneous) minimum Q and discriminant 
A? = 9Q?—4. Then for any real numbers xo, Yo there exist x,y satisfying 
(1.1) for which 


f@y|<t f Q=1; (1.9) 
f@y| <1 ff Q=2; (1.10) 
If(w,y)| < 4{2./(5Q?—4)— 3Q} < 2N5—3y if Q>5. (1.11) 


12 


Finally, in § 6, I give a direct application of Theorem 1 to the problem 
of the existence of a Euclidean algorithm in a real quadratic field. 

I am indebted to Dr. J. H. H. Chalk, who suggested the original 
problem, and to Professor L. J. Mordell for valuable suggestions and 
discussions. 


2. For the proof of Theorem 1 we need a simple lemma. 


1 
Lemma. If k>1,—<y< }, then 


2k 
(k?y?—t)*-+{k*(y—1)?—F}t < (k?—1)}, (2.1) 
(h®y?+-3)§ + {e*(y—1)?+ 3 > (P+ 1)F. (2.2) 


The equality signs are necessary if and only if y = 3. 


* L. E. Dickson, Studies in the Theory of Numbers (Chicago, 1930), Chap. VII. 
Hereafter I quote this book as Dickson, Studies. 
+ See footnote on previous page. 
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Proof. We note that the conditions 


1 


ensure that all the radicals are real. Now 


i (k®y?+ 3)! = ky(k?y?+})+ 
d e n a 9 9 > (2.3) 
dy PIPL = My—Iey—-IPs yt 

& (k2y24)t == +142(k2y2+1)-4 

- arr . 
d? , | " 


{k?(y—1)?+}}4 


dy? t + fk*{k*(y—1)?+}}-7 


By (2.3), the left-hand sides of (2.1), (2.2) have stationary values when 
y+(y—1) = 0, ie. y = 4, and by (2.4) this corresponds to a maximum of 


(k2y?— })#+ {k*(y—1)?—}} 
and to a minimum of 


(K2y?+ + (Ey — 14+ Bh. 


3. Proof of Theorem 1 
(a) The result is obvious if a = c = 0; for then A = |b], and, if we 


- 


choose 2, y so that |x| < 4, |y| < 4, we have 
f(x, y)| = |bay| < 315}, 
with inequality unless (x,y) = (4,4) (mod 1). 

By interchanging x and y and writing —f for /f, if necessary, we may 
therefore assume that a > 0, a > |c|. Dividing through by a, we may 
take a = 1; and changing the sign of x, if necessary, we may suppose 
b> 0. 

(b) We therefore confine ourselves hereafter to the ‘canonical’ form 


f(x,y) = «2?+bay+cy*?, where 6>0, |c| <1. (3.1) 
Then fl, —1)| = |1—b+c] < 14+-6+¢ = [f(1,1)], 
and so A(f) = max{1, |1—b+-c}}. 


Since b—c < 0 implies d < 0, we have b—c > 0, and so 


jf 1 (b—c < 2), 
\—1+b—c (b—c > 2). 


r\ 
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We write, for convenience, 
A=#, }b?-—c=r*?, k=r/t where r>0,t>0; 
then S(x,y) = (w+ }by)?—r?y?. 
Now choose y to satisfy |y| < }. We may then assume, by changing 
the signs of both x and y, if necessary, that 0 < y < }. 
(c) Suppose now that r?y? < }/?. Then the interval 

—}by—(r “ie By < a < —py+(ry*?+7e) (3.3) 

has length 2(r?y?+-}#?)! >¢ > 1, and so we can always find in it a 


number x = 2, (mod 1); w i if x belongs to the interval, we have 


let Boy] < (ry? 30), 


i.e. S(x,y) = (4+ dby)?@—r2y? < rd ie. 
Clearly flesy) > —ry* > —8 
and so \f( x,y)| <} 


Equality can occur here only if f( A x,y) = }t*, i.e. only if x must be chosen 
as one of the end points of the interval (3.3), i.e. only if the interval has 
length 1, which requires y = 0, t = 1, and x, congruent to one of the 
end points, which are now +3. Hence the equality sign is necessary 
only if (x9, ¥p) = (4, 0) (mod 1). 

(d) Suppose next that r?y? > }/?, and so 


g>1. 


> i 


Consider the four intervals 

Ty [py = —t{e*(y—1)?+- B}—4o(y—1) 
<x < —t{k*(y—1)?—F}}—fo(y—1) = vy], 

Ty [Hg = Why? B)'— Boy <a < eky? +P)! poy = v4] 

Tz [vs = —t(k*y?+}) he 

<a < —t(k*y?—})!—by+1 = 15], 
Ty [pa = H{h*(y—1)?—F}!-Po(y—1) 
2 < t{k*(y—1P+B!- WY) = 4). 
If x lies in J,, we have 
t(k®y?—4)! < a+hby < t(k*y?+})}, 
—3P < (e+ fby)PP—r’y? < 3, 

i.e. ifle,y)| < 4 
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Similarly, if x lies in J, J;, or J,, we obtain 

f(z,y—1)| < f#,  |f(~—l,y)| < #2, or |f(z,y—1)| < }¥ 
respectively; and clearly we have strictly |f| < }#? in all cases unless x 
is an end point of one of the intervals. Hence the conditions of the 
theorem will be fulfilled by at least one of the sets (x,y), (x, y—1), 
(c—1,y), provided that we can find a number x = 2, (mod 1) lying in 
one of the four intervals. To show that this is always possible, I estab- 
lish the following six ineqyalities: 

(i) vo >yp,; with equality if and only if 
Y¥=3,%=m = 9; (3.4) 


(ii) vy >p.o+l1, if b > 2; with equality if and only if 


Y= 3% = 2) Me = —35 (3.5) 
(iii) v, > ; with equality if and only if 
¥= 3% = b= 9; (3.6) 
(iv) vy > ps3 (3.7) 
(v) vs > py, if b < 2, with equality if and only if 
y = 3,3 = Wa = 35 (3.8) 
(vi) vy >p,+1. (3.9) 
(i) vo—py = e[{k?(y—1)?+ $}4+4 (k?y?+-})!]—2b > t(k?+1)'§—20, 
by the lemma. Hence (3.4) is true if ¢#(k?+-1) > }b?, orf? > }b?—r? = ¢, 


which follows from |c| <1 < ¢@. Equality occurs only if ¢? = c and 
(2.2) is an equality; this requires ¢? = c = 1, y = } and so 
2 =r? = 167-1 and pp, = »y,= 0. 
(ii) »,—py = —#f(ky2—)h4 {k2y—1)°—P4] > Yo—k2— 1), 
by the lemma. Hence, taking now b > 2, (3.5) is true provided that 


(4b—1)? > #(k?—1) = }b?—c—#, ie. # > —1+6—c, 


_— follows from (3.2). Equality occurs only if #? = —1+b—c and 
y = 4 (giving equality in the lemma); then 
Ha = Hr®—P)}— Yb = 4-1) = 3. 


Also, (3.6) is true provided that 
4b > t(k?—1)', ie. fb? >r°-#, ie. #2 D> —e; 


and in fact i 1 > |c|. Equality occurs only if # = —c = 1, y = 3, 


4b?+-1 and v, = p. = 0. 


and so k? = 
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(iii) Ve—pg = 2t(k?y?+ })#—1 
~ 2t ‘ae in 1 
2 ae—hs since ¥ > 5, 
>0O sincet>1, 


= 


which proves (3.7). 

(iv) vy—py = 1—fo—A[ (Ky?) {K(y—1)@—-}] 

—4b—t(k?—1)}, 
by the lemma. Hence, taking now b < 2, (3.8) is true if 
(1—4b)2 > #(k2—1), 
which is proved as in (ii) above. Equality occurs only if 
y = t, #2? = —1+b—¢, 

and then vg = —}(r?—?t?)#—}b+1 = f. 

(v) Finally, vy—p,y—1 = 2¢{k?(y—1)?+}}#--1 


2t . 
> 5-1, since |y—1| > 3, 


> G, 
which proves (3.9). 

The proof of the theorem is now easily completed. We distinguish 
the two cases b > 2,6 < 2. 

Suppose first that 6 >2. We choose x= 2,(mod1) to satisfy 
by <% <pyotl. Then either (a) x< 1, so that p»><2x<v, and 
\f(x,y)| < 4; or (6) x >v,, and so, by (3.4) and (3.5), py,» << *%# <4; 
hence |f(x, y—1)| < }#?, with equality only if either x = yp, = ve, whence 
by (3.4) y = 3,2 = vg = py = 0, or if x = vy, = p+], whence by (3.5) 
y = 4, © = vy = po +1 = 3. Thus the choice of x ensures that either 


lf@y)|< fA or |f(%,y—])| < es 

the equality sign being necessary only if (29, yy) = ) or (4, 3) (mod 1). 

Suppose next that b <2. We choose x= : a ate 1) to satisfy 
fy < 2% <pyt+l1. Then either (a) uw, < x < 4, so that | f(x, y—1)| < }*; 
or (6) x >y,. If now x < vg, (3.6) shows that wp. < 2% < v2, and so 
\f(x,y)| < }*, with equality only if x = up, = v,, whence by (3.6) y = }, 
x = 0. If, however, x > v,, then, by (3.7), 2 > ws. Hence, if also x < 13, 
we have ps < # < vs, and so |f(x—1,y)| < }®. If, however, x > v3, 
(3.8) shows that x > y,; alsox < p,+1 < 4, by (3.9), and so uwyz< a < 14. 
Hence |f(x,y—1)| < }?, with equality only if = yu, = v3, whence, by 
(3.8), y = 4, « = 4. Thus the choice of x ensures that (1.4) is satisfied 


area wi 
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by at least one of the pairs (x,y), (7, y—1), (c—1,y), the equality sign 
being necessary only if (29, yo) = (0, 4) or (4,4) (mod 1). 


4. The result (1.6) may be written in the form 








w—4) (0<h< 55), (4.1) 
FOS) vast) (5 <4< 44) (4.2) 
th (A<h<A). (4.3) 


Since f, is a value of |f| which corresponds to coprime integral values 
of x, y, We may suppose (after an integral unimodular transformation 
and writing —f for f, if necessary) that 


flw,y) = ax®+bay—yy?, (4.4) 
where a = f, > 0. By a further transformation of the type x = X+-AY, 
y= +Y, we may take 0 < b <a, and then, since 6? < a? < d, we 


have also y > 0. 
(i) Firstly, suppose a > $A. Then 





d—b? d 
y= -<—< a, 
: 4a. 4a 
and —a < —a+b+y< yy. Hence |f(1, —1)| = |a—b—y| <a, and so 


\(f) = a, and (4.3) follows from Theorem 1. 

(ii) Next suppose that $A/v¥2 <a < 3A. Then 
_ a . _ &—F_¢€ 
* 4a’ Ya 4a 
Also |a—y| < d/4a, and0 <b<a<d/4a. Hence 

min{|f(1,+1)|} = |b—|a—y|| < d/4a, 

and so A(f) < d/4a, which proves (4.2). 

(iii) Finally suppose that a < 3A/v2. Choose h > 0 as the integer 


a < 


estisfying ah?+-bh < y < a(h+1)?+b(h+1), 
i.e. 0 < y—ah?—bh < 2ah+b-+a. (4.5) 


Then, applying the integral unimodular transformation x = X+AY, 
y = Y we obtain the equivalent form 


g(x,y) = ax®+ (2ah+b)xy— (y—ah?—bh)y?, 


or, say, g(x,y) = ax?+ Bay—dy?, 
where, by (4.5), 0 < 8 < a+, and clearly 
B>b>0. (4.6) 
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We now show that Ag) < ./(d—4a?) (4.7) 


which, with Theorem 1, establishes (4.1). 
Since a < }$A/v2, 8a? < d and so 


a < 4y(d—4a2). (4.8) 
Also 8 < ,/(d—4a?). (4.9) 
For, if we had 3 > ,/(d—4a*), then 0 < 8?—(d—4a?) = (2a—8)?—f?, 
Also, by (4.8), 5 Oe. and so 8—2a > B, which contradicts (4.6). 
If now 6 >a, ‘in d = B?+4a5 > f?+-4a?, and so B < ,/(d—4a%). 
Hence 0<a+B—5 < B < ,(d—4a’), 
i.e. lja+B—8| = |g(1,1)| < \(d—4a2), (4.10) 


i (4.7) follows from (4.8), (4.9), and (4.10). But, if 3 < a, (4.8) gives 
3a+8 < 4a < 2,/(d—4a?). Hence 
(3a+5)? < 4(d—4a?), 
25a2— 10a5+8? < 4?, 
and so 5a—8 < 2B. (4.11) 
Accordingly 
(d—4a?) —B—S5)? = 4a5—4a?—(a—8)?+ 2B(a—8S) 
= (a—8)(28—5a+8) > 0, 

by (4.11), since also 3 < a. Hence 

Ig(1, —1)| = |a—B—8| < \(d—4a, (4.12) 
and (4.7) follows from (4.8), (4.9), and (4.12). 


5. Proof of Theorem 2 
If Q = 1, f(x, y) is equivalent to x?+-ry—y?, and A(f) = 1. If Q = 2, 
f(x, y) is equivalent to 2(2?—2y?), and A(f) = 4. Thus (1.9) and (1.10) 
follow directly from (1.4). 
Suppose then that Q@ > 5. Then* there corresponds to Q a set of 
integers of the form 
2, 2, a1, Oy, Xe, Mosee+5 Ao, Qo, Oy, Oy, 1, 1, (5.1) 
where each «; is 1 or 2. The set (5.1) forms the period of partial quotients 
of the continued fraction for 6, where x—6y is a factor of 
f(x,y) = Qx?—(P—Q')ay—P'y’; (5.2) 


and f(x,y) is equivalent to any Markoff form with minimum Q and 


* Dickson, Studies, 98-9. 
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discriminant 9Q?—4. The integers P, Q, P’, Q’ are given in terms of 
the set (5.1) by the relations 
ia ] ] 1 : 4 


7 a 2+ar ed or isi = (2, 2, a,,...,a,,1,1), say, (5.3) 
a (5.4) 
Q’ 
whence it follows by elementary continued-fraction theory that* 
P+Q' = 3Q, (5.5) 
PQ’—QP’ = 1. (5.6) 
I first prove that 2P’—P > Q-. (5.7) 


For the last four convergents to the continued fraction (5.3) are 
2o’—-P P-P FP Pp 
207-9 O-2" O @ 


and so 9P’—P 
L = Soa G = (212s ear Oar te ay) 
Q—Q’ 
MH = 20’ == (0X1, 0145 Og, Olgy., Oly, Oy, 2). 


Ifevery a; = 2, then L = M. Otherwise, suppose that «, is the first «; 


which equals 1. Then, since L and M are odd convergents, 


M < (dXq, 011, Og, Obgy+++y Up_yy Up—gy Ops Op) 


= (011, Oy, Oly, Olgy.+05 Xp—gy py, 2) 
= (2, 2, a1, 014,.++) Xp—9, %p—9» Up_y) (identically), 
< L, 


' since the odd convergents form an increasing sequence. Hence, in all 


cases, L > M, which proves (5.7). 

Now, from (5.2), 
f(1,0)| = Q, f0,1)|=P’, |f(l,—1)| = P—P’*+Q-O' < P’, 
by (5.7). Also Q < P’, since Q is the minimum of the form for integral 


«,y. Hence Nf) = P’. (5.8) 


It remains now to obtain an estimate for P’ in terms of Q. To this end 


I prove P’+Q > 40’. (5.9) 


* Dickson, Studies, pp. 98, 99. 


pP q 
T If (a,, dy,...,@,) = —*, then —* = (apg, Ap_y,..., Ae). 


dn Qn-1 
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For, by the same argument as above, we have 


P’ Q 


—, = (2, 2, cg, O1y,.++5 Oy, My, 1), = (1, 1, a, a,..., &, 0, 2). 


Q’ Q’ 
Hence, if & xe (aig, Ohgy---5 tgs %, 1), 
1 = (4g, Oly ,0005 Oy, Xz, 2) = (04, ,..., &y, O, 1, 1), 
then ; 
od é Q 1 
=e MS Me Bh . — 
= @26)—=2585, 2 = (hin)=2-—, 
P'+Q g 1 &(n—1)—1 , 
and so —aae ae al ee 5.10 
or" "as a aaa li 


Now, if every a; = 1, then 7» = 14+1/€. Hence &(7—1)—1 = 0 and 
(5.10) gives (P’+Q)/Q’ = 4. Otherwise, suppose that 


=a =... =a, = l, a, = 2. 


tw 


Then é and », being odd convergents, are each greater than the preceding 
odd convergent 


© me (eg, Gigs esny pigs M2, %) = (1, I...., 1, 1,9). 
But also ¢ = (1,1,...,1,1,1,1), and so is an even convergent to the 
continued fraction for }(v5+-1). Hence £ > $(v5+-1) and so 
E>2(V5+1), y>V5+1), &q—-1)>1, 
and, by (5.10), (P’+@Q)/Q’ > 4. Thus, in all cases, (P’+Q)/Q’ > 4, 
which proves (5.9). 
Using (5.5), (5.6), we obtain 
P’Q = PQ’—1 = 3QQ’—Q’”2--1. (5.11) 
Now clearly Q’ < Q, and by (5.4), P’/Q’ <3. Hence P’ < 3Q, 
4(P’+Q) < Q and so, by (5.9), 
Q' < P'+Q)<@. (5.12) 
Since the expression 3Qz—z?—1 is an increasing function of z for 
z < $Q, (5.11) and (5.12) give 


roca 


ie. (P’.3Q)2 < 4(5Q2—4), 
and so P’ < 2y(5Q?—4)—3Q, 
whence, by (5.8), Af) < 2/(5Q?—4)—3Q. (5.13) 
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The required result (1.11) now follows immediately from (5.13) and 
Theorem 1. 


6. THEOREM 3. The field R(vm) is Euclidean if m = 2, 3, 5, 6, 7, 13, 
17, 21, 33, 37, 41, 57, or 73.* 

An algebraic number-field is said to be Euclidean if, for any number « 
of the field, there exists an integer p of the field such that 


norm(p—«)| < 1. 


The numbers of a real quadratic field R(vm), with basis [1, w], are of the 
form «+-wy with rational x, y, the integers of the field corresponding to 
rational integral x, y. Then norm(2#+wy) is an indefinite quadratic 
form, say f,,(x,y), where 


fin(t,y) = v2—my? if m= 2,3 (mod4), w= vm; 
Sin(t,Y) = x?+xy—}(m—1)y? if m=1(mod4), w = 3(1+vm). 


Thus R(vm) has a Euclidean algorithm if, given any (29, Y¥)), we can 
choose (x,y) = (29, Yo) (mod 1) such that |f,,(v,y)| < 1. Therefore, by 
Theorem 1, R(vm) is Euclidean if there exists a form F,,(x, y) equivalent 
to +f,,(x,y) for which either A(F,,) < 4, or A(F,,) = 4 and |f,,(z,y)| <1 
for some (x, y) congruent (mod 1) to (0,4), (43,0), or (4, 4). 

The following table exhibits a suitable F,,(2, y) for each of the values 


of m stated in the theorem. 





m FSm(%> Y) F,, (x, y) A(F,) 
2 (1, 0, —2) (1, 0, —2) 2 
3 (1, 0, —3) (1, 2, —2) 2 
5 (1, 1, —1) (i, 1, —1) 1 
6 (1, 0, —6) (1, 4, —2 3 
7 (1, 0, —7) (1, 4, —3) 3 
13 (1, 1, —3) (1, 1, —3) 3 
7 (1, 1, —4) (1, 3, —2 2 
21 (1, 1, —5) (1,3, —3) | 3 
33 (1, 1, —8) (2, 3, —3) 3 
37 (1, 1, —9) (3, 1, —3) 3 
4] (1,1, —10) | (1, 5, —4) 4 
57 (1, 1, —14) | (2, 5, —4) 4 
73 (1,1, —18) | (3,5, —4) | 4 
* The theorem is also true for m 11, 19, 29, and 97; but for no further 
values of m > 0, as has been proved recently by Davenport and Chatland. See 


Bull. American Math. Soc. 54 (1948), 662 and 828. For a detailed discussion of 
previous work, see L. Rédei, Math. Ann. 118 (1942), 588-608. 
3695,2.1 P 





210 NON-HOMOGENEOUS BINARY QUADRATIC FORMS 


In order to establish strict inequality in the cases m = 41, 57, 73, for 
which A(F,,) = 4, we observe that 


fa(2, —2) = 4, Sas(3, 0 d. Saal, 3) = 35 
Fisx( (2, — —3) _— —}, fsz(4, 9) = 4 Ssz(8, 3) — —¢; 
Sos(2, 4) = 4, Srs(3, 9) = F, Sos(, —2) = 45 


the three sets of values of (x, y) in each case being respectively congruent 
(mod 1) to (0,4), (4,0), (4, 4). , 























ANALOGUES FOR INTEGRAL FUNCTIONS OF 
CERTAIN THEOREMS ON POWER SERIES 


By R. WILSON (Swansea) 


[Received 18 June 1949] 

1. Introduction 

In a classical paper} Pélya has derived certain properties of integral 
functions which are related to the characteristics of a power series in 
negative powers of the variable when this series is the Laplace transform 
of the integral function. In the simplest form the integral function is 
restricted to be of order 1, mean type, and in this special case the above- 
mentioned properties arise from the fact that the indicator diagrams of 
the integral function and the power series are images of one another in 
the real axis. Directions of strongest growth of the integral function are, 
to within reflection, the same as the singular directions of the power 
series; that is, radial directions which lead to a singularity on the circle 
of convergence. If we consider that series in positive powers which has 
the same coefficients as the given series, then the directions referred to 
are identical as are the indicator diagrams. 

There are two ways in which the relevant properties of power series 
can be translated into properties of integral functions. One is to obtain 
the appropriate property for an integral function of order 1, mean type, 
as mentioned above, and then to construct proofs for the cases of any 
integral function of finite or infinite order. This, in fact, in a remarkable 
tour de force, is what Pélya has done. The other method is to generalize 
the Laplace transformation in such a way that the theory will apply to 
any integral function. 

So far no such explicit generalization is known except for the case of 
an integral function of finite positive order and mean type.{ For such 
a class of integral functions I give below three new theorems derived 
from theorems on power series due to Fabry and Braitzeff. 

The general Laplace transformation here used{ relates the series 


ie 8) 
f2) = 2 a,2-"— (1) 
to the integral function 
ah oO 
ay nea — . c zn 2 
T(o+no) 4” (2) 
+ (6), 610-40. t (3), 7-11. 


Quart. J. Math. Oxford (2), 1 (1950), 211-14 
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of order p = o~1 and type h = r-?, where r is the radius of convergence 
of the power series 


2¥i(z*) = >a, *. (3) 


As in the case of the ordinary Laplace-transform theory the indicator 
diagram of (2) and the conjugate indicator diagram of (1) have the same 
vertices,{ which are also the vertices of the indicator diagram of (3). 
Hence the radial directions leading to the singular points on the circle 
\z| = r of (3) are identical with the directions of strongest growth of (2). 
In the case of an integral function of finite order these are directions 
such that in every angle, however small, containing a strong direction 
the order and type of the function is attained. 


2. Theorems on power series 


The initial theorems relating to the series (3) are set out below. 
Braitzeff’s theorem is the most general and includes Fabry’s general 
theorem, from which Fabry’s special theorem can be deduced. For 
convenience these are set out in the reverse order to the above. 


THEOREM 1.§ Jf lima, /a,., = re'™ exists, then z = re‘~ is a singular 
point for >a,2". _ 
THEOREM 2.|| Let o,, denote the number of changes of sign of 
R(a,,4,e*) 
in —On <v < On (0 <0 <1). If there exists an increasing sequence of 
integers n' and a real sequence y,,, such that 


(a) lim [R(a, e~%)}!" = 1/r, (5) lim o,/n= 0, 


n=n'—>0 n=n'—>20 
r 2) 
then z = re‘~ is a singular point for > a, 2”. 
0 


THEOREM 3.}}+ If in Theorem 2 condition (b) is replaced by the more 


general condition liminf o,,/(20n) = B, then at least one point z = re’? 
n=n'—>0o 


is singular for > a, 2", where —nB < d—a < af. 
0 
Further, if there is only one singular point on |z| =r, then either 
d¢ = a+nB or d = a—afP. 


+ (6), 571-610. t (3), (5). § (1), 377-9. 
|| (1), (2), (4). tt (4), 26-8. 








fe 
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3. Theorems on integral functions 
By use of the relations between (1), (2), and (3) we obtain the 
following analogue of Theorem 1. 


THEOREM 1*. Jf Ye,2 z” is an integral ee, of order p and if 
lim n'Pc,, .,/c, = ae'™ exists, then the type of Se, c, 2" 1s a?/p and e~** is a 
no 


direction of strongest growth of ye, Cc, 


We consider the function 


co eo 
z1f(z) = Ya,2" = > T(o+no)ec, 2”. 
0 0 
For this series 
. T'(o+no) c ' 1p ml/p 
lim a,,/@,., = lim ( — —" = lim(? 
no nol (2o+no)C,.,  n>o\n) ae 


sone pilPe-tx/q _ re-tx, 
is 2) 
where r is the radius of convergence of ¥ a, 2”. 
0 
Hence, by Theorem 1, z = re~** is a singular point of z—1f(z—") on its 
circle of convergence, and so e~‘* is a direction of strongest growth 


for F(z). Further, the type of F(z) is r-? = a?/p. 
Corresponding to Theorem 2 we have the following 


o 
THEOREM 2*. Suppose that > c, 2” is an integral function of order p 
0 


and type h, each finite and positive; let o, denote the number of changes 
of sign of R(c,,,e"*-%) in —On <v < On (0 <0 <1). If there exists 
an increasing sequence of integers n’ and a real sequence y,, such that 
(a) lim n[{R(c, e-‘=) |e” = hep, (5) lim o,/n= 0, 
n=n'—>o n=n'—o 
then e'~ is a direction of strongest growth of PY Cy 2™. 
0 


8 


0 oe) 
Here z1f(z7) = Ya,2" = > T(o+no)c, 2” 


0 0 
is a series with radius of convergence h~"?. Hence, for this series, con- 


dition (a) becomes 
lim [R(q,, e~t»)}¥™ = he, 


while condition (6) remains unaltered when applied to R(a,,,,,e%”*—»). 
Thus, from Theorem 2, z = h-Vre'* is a singular point of z~!f(z-!) and 
therefore e** is a direction of strongest growth for F(z). 
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A similar proof making use of Theorem 3 leads to the following 


THEOREM 3*. Jf in Theorem 2* condition (b) is replaced by the more 
general condition liminf o,/(20n) = B, then at least one direction e'% 


n=n'—o 


is a direction of strongest growth of > ¢,,2", where —nB < d—a < af. 
0 


Further, if there is only one strongest direction, then either 6 = a+-nf 
or d = a—nP. 

It is of interest to note that the two forms of condition (a) in 
Theorems 2 and 2* are satisfied by z—f(z~!) and F(z) for the same 
sequence (7’). 
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ON THE CRITICAL DETERMINANTS OF 
CYLINDERS 
By H. DAVENPORT and C. A. ROGERS (London) 


[Received 25 June 1949] 


three-dimensional cylinder consisting of all points (x,y,z) for which 
(x,y) is in K and |z| <1. Let A(K) and A(C) denote the critical 
determinants of K and C. It is easily seen that A(C) < A(K), and it 
is known that this is true with equality when K is convex. Rogers* 
has recently given an example of a star domain K for which A(C) < A(K). 
The object of the present note is to give an example for which the ratio 
A(C)/A(K) is arbitrarily small. 

Let @ be an irrational number, and m a positive integer. We consider 
the system of points in the zy-plane, given by 

x= u+0u, y = 0, 

where wu, v, w take all integral values except 0, 0, 0, subject to jw! < m. 
For each sv) point, say P, we cut out of the plane a thin angle, with 
vertex at P, containing the continuation of the line OP. We shall take 
K to be the remainder of the 2y-plane after all these thin angles have 
been removed. 

For a more precise specification, let 5 be a small positive number, 
which will be chosen later so as to depend only on 6 and m. We can 
define the thin angle mentioned above by 


x = Nu+6w)+pr, y = Av—p(u+ Ow), (1) 
where A, yu take all real values satisfying 
A>1, — [n| < 8(A— 1). (2) 
We define K to consist of all points (x, y) which are not representable 
in the form (1), where wu, v, w are integers, other than 0, 0, 0, with 
w| < m, and where A and yp satisfy (2). 
Plainly K is symmetrical about O. Also K is bounded. For, if we 
take w = 0, the equations (1) give 
XU+-YvV __ xvu—yu 
wt y 


* Quart. J. of Math. (Oxford), 20 (1949), 45-7. References are given there. 


A= 


ee ' a 
u2+y2 


Quart. J. Math. Oxford (2), 1 (1950), 215-18 





216 H. DAVENPORT AND C. A. ROGERS 


If x?+-y? is sufficiently large, and we choose u = [42], v = [4y], these 
values of A and yp satisfy (2), and so such a point is outside K. Finally, 
it is clear from the construction that any radius vector from O meets 
the boundary of K in exactly one point, this point varying continuously 
with the radius vector. Hence K is a bounded star domain. 

The special three-dimensional lattice defined by 


x= u+dw, y = 2, z= w/m, : (3) 


where wu, v, w are integral variables, has no point other than O in the 
interior of the cylinder C(K). For such a point would have |w| < m, 
and so x, y would be of the form (1) with A = 1, » = 0. But then the 
point (x,y) would be a boundary point, and not an interior point, of K. 
Since the determinant of the lattice (3) is 1/m, we have 
A(C) < 1/m. (4) 
We proceed to prove now that 
A(K) > 1, (5) 
provided that 6 is sufficiently small.* By (4) and (5) we shall then 
have the result we require, since m may be taken as large as we please. 
To prove (5) we have to show that every lattice in the zy-plane, of 
determinant less than 1, has a point other than O in the interior of K. 
We therefore assume that we have a lattice of determinant less than 1, 
with the property that every lattice point other than O is of the form 
(1), subject to the conditions on u, v, w, and subject to (2), with the 
modification that equalities are now admitted there. 
We first obtain some inequalities for the numbers wu, v, w, A, « corre- 
sponding to a lattice point (7,y) other than O. The equations (1) are 


satisfied, and AD 1, w| < &(A—1). (6) 


aan _) _ lytoe| — Alyl-+8A—DJer| 

i 24+ 2 <-  ——_ 

TH 
—_ flyl—Aly|—8}2|)A—1)A~, 
8/27|A1+ (Aly|—8)2|)A~*: 
whence |v! < max(|y|, 5/2}). (7) 
Similarly |u+éw| < max(|x|,d]y!). (8) 
* Tt follows from (5) that in fact A(K) = 1, since any point with integral 
coordinates, other than O, is of the form (1) with w = 0, A = 1, » = 0, and so 
is not inside K. 
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Now we can choose a positive number e, depending only on @ and m 

(and independent of 5), so small that |w+@w| > « for all integers u, w 

(not both zero) with |w| < m. As (x,y) is not O, it is clear that 
max(|u+6w}|,|v|) > e. 


= s\y 1 9 |y| LI! 
Thus 1 has EES. 
; (u+@w)*+ v? € 


> 


and consequently |p| < de—*(|a|+]y]). (9) 

Since the determinant of the lattice is less than 1, there is a lattice 
point other than O satisfying |x| < 1, |y| < 1. If this point is repre- 
sented in the form (1), we have, by (7), 


Thus v = 0, and 
y| = |w(ut+Ow)| < dAju+Ow| = d|z]}. 


Further, as uw and w may not both vanish, it follows from our choice 


of « that x| = Aju+Ow| >. 
Hence there is a lattice point (€,,,) with 
€e< g, < L. || < =: (10) 


Again there is a lattice point other than O satisfying |a| < e, |y| < e71. 
It follows by (8) that for this point 
lut+Ow| <e, 
provided that 8 is sufficiently small. Thus, by our choice of e, it follows 
that uw = w = 0 and 
[a] = |po| < dAlv| = d\y| < de}. 
Further, as v cannot vanish, 
y| =Aleo| > 1. 
Hence there is a lattice point (&, n2) with 
»<de4,  1<|m| <e7. (11) 
Since the lattice point (€,—£s, 7,;— 72) is of the form (1), we have 
E1—F2 = Ag(Up t+ Ow) +H Yo» M1 — Ne = Ap%o—Ho(UoptOwy), (12) 
where Up, Vp, Wy are integers with |w,| < m, and 
dy > 1, (pol < 8Ay—1). (13) 
Applying (7), (8), (9) to the point (€,—£5, 7; — 72), and noting that these 
coordinates are bounded by (10) and (11), we have 


Up tOw, = O(1), Vy = O(1), by = O(8), (14) 


0 x 


uN, 
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using the O-notation with the convention that the implied constants 
depend only on @ and m. By (14), (10), (11), (12), 
&, = Ag(Up t+4wy)+ O(8), Ne = —ApU%+O0(8). (15) 
Note that, as |7,| > 1, it follows that |v)| > 1. Also, if wy were zero, 
we should have 
|U| < max(|£,—&2|, 8\n1—Ne|) = |€1—-S2| < 1 
from (8), (10), (11); so that uw)» would be zero. But then €, = O(5) by 
the first half of (15), and this would contradict the first half of (10), 
supposing 6 sufficiently small. Thus wy + 0. 
Now consider the lattice point (mvp &,—&, mvp 4; —2). We have 
My £,—Fs = A(u+Ow)+ pr, MUy M1 — Nz = Av—p(u+Ow), (16) 


where u, v, w are integers with |w| < m, and 


A> 1, e| < 6(A—1). (17) 
As before, u+0w = O(1), v = O(1), p = O§(8), 
and Mv, &, = A(u+Ow)+O0(8), Ne = —Av+O0(8). (18) 


Combining (15) and (18), 
£1 Ne = Ap(Uyp+Owy,)(—Av)+ O(8), 
My £1 Ne = A(U+Ow)(—Apg vp) + O(8). 


Thus Ng Vo(U+Ow) = AAy Mvy (Ug +4wy)+ O(8). 
AsA>1,A, > 1, |u| > 1, we may divide this by AA, vy to give 
(mvuy—u)+(mvwy—w)éd = O(8). (19) 
Now |w| < m and |mvw,| > m. Hence 
0 < |mvw,—w| = O(1). (20) 


Since @ is irrational and m, v, Up, u, Wo, w are integers, the inequalities 
(19) and (20) cannot hold if 8 is chosen to be less than a certain positive 
number depending only on @ and m. This contradiction establishes 
(5) for such values of 8. 
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ON GROUP EXTENSIONS WITH OPERATORS 
By J. H. C. WHITEHEAD (Ozford) 
[Received 20 July 1949] 

1. Introduction 

In the study of groups with operators, which has important applications 
to topology, we are led to consider group extensions with operators in 
a separate group. More precisely, we consider two groups EL, Y, each 
of which admits a group X as a group of operators, and an operator 
homomorphism, ¢:# > Y, onto Y. Subject to these conditions we 
describe (H,¢) as an X-extension} of Y by G, where G = ¢-1(1). Since 
gu = xd, where x € X is any operator, it follows that xG = G. There- 
fore G also admits X as a group of operators, 7:G ~ G being the 
automorphism induced by 2:HE = E. If Y, G, and X operating on 
Y, G are given in the first place, an X-extension of Y by G will mean 
one in which X operates in the given way on Y and G, subject to the 
above conditions. 

Let (£,¢) and (2’,¢d’) be two X-extensions of Y by G. We describe 
them as equivalent if and only if there is an operator isomorphism, 
b:E = E’, such that 4’ = ¢ and ¢g =g for each ge G. This is 
obviously an equivalence relation between (H,¢) and (E’,¢’). 

We take G to be Abelian and are thus led to a ‘vector’ cohomology 
theory with partial co-boundary operators of the kind considered in (4). 
I show how this theory may be applied to the classification of 
X-extensions and also to the study of Y-kernels, as defined in (2), with 
operators in X. 

I recall the basic definitions in the algebraic cohomology theory. 
Let A be an additive Abelian group, which admits a multiplicative 
group W as a group of operators, both from the left and the right, 
subject to the condition{t w(aw’) = (wa)w’. Then C"™(W,A) is the 
additive co-chain group, which consists of all functions of n variables in 
W with values in A. The co-boundary operator, 

5:C™(W, A) > C™+(W, A), (1.1) 

+ Thus (£,¢4) may be defined by discarding the condition that G is a direct 
summand of £ in the definition of a Y-enlargement [see reference (3)]. For an 
account of the cohomology theory of group extensions see (1), (2), and (3). 
Notice that I follow Eilenberg and MacLane in referring to (EZ, ¢) as an extension 
of Y by G, not of G by Y. 


t Small italic letters in formulae will usually denote elements in the groups 


denoted by the corresponding capitals. 


Quart. J. Math. Oxford (2), 1 (1950), 219-28 
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is defined by 


(8C)( 44-445 Wp 41) = Wy C(We5.005 Wp sa) + 


+ st 1)'c(w,..., Wj-q) Wj Wists Wi+ar-> W,)+ 

+(—1)"*e(wy,...,Wx)Wnsa, (1.2) 

where ce C"(W,A). If W operates only from the left, then 6 is given 

by the same rule with simple right-hand operators (i.e. aw = a). It is 

proved in (1) that 55 = 0 and the theory is mainly concerned with the 

cohomology groups, 

H"(W,A) = Z2"(W, A)—8C"-1(W, A), 
where Z"(W, A), the group of ‘n-dimensional’ co-cycles, is the kernel 
of (1.1) and C-1(W, A) = 0. 


2. Vector cohomology groups 

Let G be an additive Abelian group, which admits an arbitrary 
multiplicative group Y as a group of operators. I shall use y.g to 
denote the image of g under the operator y. Let G and Y both admit 
a multiplicative group X as a group of operators. I shall use 2g, zy, 
without full points, to denote the images of g, y under the operator 2. 
The symbol xy.g will always denote (xy).g and I insist that 


x(y.g) = ry.2g. (2.1) 


zil.g=lg=g 
, , , ? (2.2) 
ay .(xy".g) = (xyxy’).g = x(yy’).9 
where 1 € Y is the unit element. 
Let m, n > 0 and let X operate on the co-chain group C"(Y, @), 
from the left and from the right, according to the rules 


(2C)(Y4,--+) Yn) = LC(Yy,-++) Yn) 9 
, (2.3) 
(CX)(Yas---1 Yn) = C(XYz>+++2 LYn) 
where c € C"(Y,G). Let Y operate from the left on C™(X, G) according 
to the rule 


Notice that 


(YC) (ay 40009 Liga) == V yoo Vgs Y C2 q5.00) Ben), (2.4) 
where ce C™(X,G). It follows from (2.2), with x = 2,...2,,, and from 
(2.4) that lc = ¢ and that 


{y[y'C)}(y 5-4) @m) = LY {(y'C)(Xy,..-5m)} 
== wy .{ay’ .0(%5,..-»%q)} 
=s 2(yy’).0(25,.--) Sx) 
= {(yy')e}(11-++1 2m): 
Therefore Y is a group of operators on C™(X, @). 





f 


Tr) 


el 








ON GROUP EXTENSIONS WITH OPERATORS 221 
Consider the co-chain groups 
Com{xX, C(Y, G)}, CruY, C™(X, G)} (2.5) 
and the co-boundary operators 
5,,: OMX, Cn(Y, G)} > C™H{X, CY, G)}, 
§,: CY, C™(X, G)} > Om+{Y, Cm(X, G)}, 
which are defined by (1.2) in terms of (2.3) and (2.4). An element in 
either of the groups (2.5) may be regarded simply as a function of the 


form . . 
Ag 0005 Bens Faseres Yn)- 


Therefore we identify these groups with each other and denote them 


both by Cmmn —_ Cmn(X, r: G). 


‘ 


Then 8,, 5, become ‘partial’ co-boundary operators, 
5. -Cimn adi Cm+ti,n, 8, :Omn = Cmntl 
such that 5,5, = 0, 8 0. I say that 5,5, = 5,5,. For it follows 


from (2.1) that 


y by = 


Wy (Ly @ys YJ) = Lye mi Y Uy G- 
Therefore, taking m = n = 1, we have 
(5, €)(®5 Yas Yo) = Yy-C(X3 Yo)—C(X3 Ya Yo) FE(%S Y); 
and (5,5, €)(%,%23 Y1; Ys) is 
{Xo Yq -C(Xy; Yo)} —Hy C(Xy; Yy Yo) +H C(XQ; Yy)— 
—%1%q_Y1-C i Yo) +C(Xy Xo; Yr Yo) —C(Xy Xe; Yy) + 
Fy Hy Yq -C(Xy3 Lp Yo)— Pty ))+-(X13 Xp Yj) 
= 21% Y1-(8, ~ 15 X23 Yo) — (5, €)(Xy, Xe; Ys Yo) +(5,,.6)(X, Xe Ys) 
= (8, 5,.C)(%1, X23 Yr Yo)- 


Therefore 5,5, = 5,5, in the case m = n = 1, and the general case 


follows from a similar argument. 
Let €" = €"(X,Y;G@) be the group, with vector addition, in which 


the elements are all ordered sets (¢,,...,¢,), where 


*?9 Cy 
c;, € Chn-k(X, Y;G). 
I call (¢p,...,¢,) a vector co-chain. A homomorphism, A:€”" > €"+* is 


defined by 
. A Cqy0005 Cy) = (gy e005 Cqaa)s 


where Cy = 8, Cy_yt+(—1)*B,c, (Cy = Cy yy = 9). 
Since 5,5, = 0, 5,5, = © and 8,5, = 5,8,, it follows that AA = 0. 
Let 0 < p <n and let €% c ©” be the sub-group which consists of 
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the vector co-chains (¢,...,¢,) such that c,,, = 0,...,¢, = 0. Obviously 


“— 


AGs-ic CF and we define 


‘p—1 
p = 3p—AG=1 
where 3% = €% n A-(0). I shall describe an element in 3% as a vector 
co-cycle and 3, 3' € 3% will be called cohomologous,} written 3 ~ 3’, if and 


only if 3—3’ e ACi-}. I shall denote an element of C7) by (¢p,...,¢,)”. 


3. Normalized co-chains 

A co-chain c € C™” will be called 2-normalized if and only if either 
m = 0 or m > 0 and the value of ¢ is zero when one of its arguments 
in X takes the value 1. I define a y-normalized co-chain in a similar 
way and ¢ will be called (x, y)-normalized if and only if it is normalized 
in both x and y. If c is w-normalized (w = 2 or y) so, obviously, are 
5,c and 6,c. 

Let 5,,c be y-normalized, where c ¢ C™!. Then 

C(2,... Xm 1) = (5,,€)(24,-+.5 L531, 1)= 0. (3.1) 
Therefore c is ‘i sdebialiatie Similarly c € C1!” is x-normalized if 5,.c is 
x-normalized. 

A vector co-chain (¢p,...,¢,)" €€}% will be called w-normalized 
(w = x or y) if and only if the same is true of c, for each k = 0...., p. 
If (¢g,...,€,)” is w-normalized so, obviously, is A(¢p,...,¢,)". Let 
p = n—1ornand let A(cy...., Cp)” be e (x, y)-normalized. Then I say that 
there is a vector co-chain (cp,...,¢}_,)"~1 such that 


(Cg4.++5 Cp)" + A(Ch,.--sCp—1)"* (3.2) 
is (x, y)-normalized. For let 0 <i < p and assume that c;,,,...,¢, are 
all x-normalized, this condition being vacuous if 1 = p. If 7 = 0, then 
c, is also x-normalized. Let i > 0. Since ,,¢;,, and 8,,¢;+(—1)*8,,¢;,, 
are both z-normalized, so is ,.¢;. Therefore, by treating c; as an element 
of C'(X, A), where A = C"-‘(Y, @), it follows fromt (6.4) in (1) that there 


is a co-chain ee Ci-(X, A) = Ci-4n-i( X,Y; G) 
such that c;+6,c® is x-normalized. Let 
q_.=¢, c=0 if jAi-1 (fj = 0....,p—1). 
Then c;,...,¢, are all z-normalized, where 
(€9,-++5 Cp)” == (€p;..-) Cy)” + A(Ch,..., C93)". 


+ In general AC}—} MN C # AC;—} if q>~p. Therefore the relation 3 ~ 3’ 
depends on the value of p. In the subsequent applications p will have the fixed 
value n—1 and there will be no ambiguity. 


{t The right-hand operators on A do not disturb the argument in (1). 
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Therefore it follows inductively that we may assume (Cp,...,¢,)" to be 
g-normalized. 

Let (¢o,--.,¢,)" be w-normalized and assume that Cp,...,¢,_, are also 
y-normalized, where 0 << k < p. Since 6,c,_, and 5,c,_,;+(—1)*8,c, 
are both y-normalized, so is 6,,¢c,. Since p = n—1 or n, it follows from 
(3.1), if » = m—1, or from the definition, if p = n, that c, is also 
y-normalized if k = p. Let k < p and let Nc C"* be the sub-group 
which consists of the x-normalized co-chains and which may be identi- 
fied with C%(Y,N"), where N*c C"(X,G) is the group of normalized 
co-chains. Then it follows from (6.4) in (1) that there is an element 
ce N*.n-k-1 such that c;,-+-(—1)*8,,c’ is y-normalized. Let 


G&=e, c¢=0 if ARK (7 = 0....,p—1). 


j 


Then c¢,...,¢;, are all y-normalized, where 
” ” ’ , il 
(€95-+-5 Cp)™ == (Cg,--) Cp) * + Al(Cg,.-+5 Cpa)”. 
’ 


Also (Cp,...,Cy-3)""2_ and hence A(cg,...,c,-;)"-1 and (¢},...,¢,)" are 
z-normalized. Therefore the assertion follows by induction on k. 
Hence it follows, as in § 6 of (1), that, if p = n—1 or n, 
(a) every vector co-cycle in 3% is cohomologous to one which is 
(x, y)-normalized, 
(b) if 3 ~ 0, where 3€ 3% and 3 is (x, y)-normalized, then 3 = Ac, 
where ¢ € €%—} is (x, y)-normalized. 
Therefore, in defining $7; (p = n—1 or n) we may confine ourselves 
entirely to co-chains which are (x, y)-normalized and Cf will now 
denote the group of (x, y)-normalized co-chains. Notice that an element 
(Co, ¢,)? € 3} is (x, y)-normalized provided only that cy is y-normalized. 
For c, € Cl is x-normalized because 5,c, = 0. If cy and hence 5, co 


are y-normalized, so is c, because 5,,c, = 5, Co. 
4. Application to (Z, ¢) 

Let (#,¢) be an X-extension of Y by G. I write # additively, though 
it need not be Abelian, and I pick a representative, e(y) € d—(y), of 
each y € Y, taking} e(1) = 0. Then 

y-g = ely) +9—ey). 
Since ¢ is an operator homomorphism, we have 
pixe(y)} = xpe(y) = xy = ge(xy). 
Therefore xe(y) = c,(x;y)+e(ay), 


t It is to be understood that all our sets of representatives satisfy this condition. 
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where c,(z;y)EG. Since 2x,{x,e(y)} = (a, 2,)e(y), it follows from a 
familiar argument that 5,c, = 0. We also have 
u(y .g) = xe(y)-+-xg—xe(y) 
= €,(%; y)+e(xy) +29 —e(xy)—C, (2; y) 
= €,(%;y) + ary .4g—C, (x; y) 
= ay.2g, 
which is (2.1). 
By the ordinary theory of group extensions we have 
(Yi) +e(Yo) = Co(Y1 Yo) +e(Y1 Yo); 
where cy, € C%? and 5,,cy = 0. Since 
HC(Yy, Yo) +Ex(X3 Ya Yo) +e(L(Y; Yo) 
= X{Co(Y1, Yo) +e(Y1 Yo)} 
= w{e(y;)+e(Y2)} 
= xe(Y;)+xe(Yo) 
= C4(%5; yy) +e(wy,)+-¢,(@5 Yo) + e(xYy2) 
= C4(%3 Yy) + yy .Cy(%5 Yo) +-e(xY,)+e(xY2) 
= €4(%3 Yq) FY, -Cy(®; Yo) + Co(TYy, LY) +-e(X(Y Yo); 
we have 5,,cy = 5,,c,. Therefore (co, c,)? € 33. Since e(1) = 0, it is easily 
verified that (cy, c,)? is (x, y)-normalized. 

Let (co, ¢,)? be defined in the same way as (Cy, c,)” by means of a set 

of representatives {e’(y)}. Then 
e'(y) = e(y)+e(y), 
where c € C%!, An argument of a familiar sort shows that 
Co = Co +58, €¢, c, = ¢,+5,¢. 

Therefore (¢o,¢,)? ~ (¢o,c,)? and the corresponding element of $? is 
uniquely determined by (H,¢). Moreover this argument may be 
reversed to show that a given (x, y)-normalized vector co-cycle in 3} 
which is cohomologous to (C9, c,)?, is the one determined by some set of 
representatives {e’(y)}. 

Let (E’, $’) be an X-extension of Y by G, which is equivalent to (Z,¢) 
under an operator isomorphism y: HE ~ E’. Let {e(y)} be a set of repre- 
sentatives in E and let e’(y) = #e(y). Then {e’(y)} is a set of representa- 
tives in EH’. Since fx = xp and yg = g, it follows that the same vector 
co-cycle is determined by {e’(y)} as by {e(y)}. Therefore (H,¢) and 
(Z’,¢’) determine the same element of §?. 
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Conversely, let (#,¢4) and (H’,¢’) determine the same element of $j. 
Then suitable sets of representatives, {e(y)} and {e’(y)}, in EZ and EL’, 
determine the same vector co-cycle, and it may be verified that (EZ, ¢) 
and (£’,¢’) are equivalent under 4: ZH ~ E’, where 
vig+elu)} = g+e'(y). 
Therefore (Z, 4) and (#’, 4’) are equivalent if and only if they determine 
the same element of §?. 

Finally a normalized element cy € C®? such that 5,,cy = 0 determines 
an ordinary extension (H#,4), which consists of all pairs (g,y) with 
addition defined by 

(91 Y1) + (Yo, Yo) = (Jr +Y1-JotCo(Y1> Yo) Yr Yos- 
Let c, € Cl be such that 5,c, = 0 and 8c, = 5,¢». I define x: HE = £ 
by 
' xX(g,y) = {xg+ey(x, y), ry}. 
Then # becomes an X-extension, and the representatives e(y) = (0, y) 


determine the vector co-cycle (Cp, ¢,)?. 


5. (X, Y)-kernels 

Let (K,@) be a Y-kernel, as defined in (2), with centre G. We write 
K additively. Let a(y), with a(1) = 1, be an automorphism in the class 
Oy), for each ye Y. I shall describe (K,6) as an (X,Y)-kernel if and 
only if K, as well as Y, admits X as a group of operators, subject to the 


condition xa(y) = C[k, (x;y) ]a(ay)e, (5.1) 
where k(x; y) € K, k,(1;y) = k,(a;1) = 0 


and C[k,| is the inner automorphism k—>k,+k—k,. The centre G 
admits X and also Y as groups of operators, such that y.g = a(y)g, 
and it follows from (5.1) that (2.1) is satisfied. We also have 


x(Y3)«(Yo) = Clk o(Yr Yo) |x(Yr Yo)s (5.2) 
as in (2), where k,(y,,y.) € K. Let 
ColYs Yo» Ya) = X(Ys)Ko(Yo Ys) +Ko(Y1 Yo Ys) —Kol(Y1 Yo» Ys) —Kol Yr Ya): 
C4(X5 Yy, Yo) = Uho(Yy, Yo) + hy(% Ya Yo) —Ko(@Y1, LY2)— 
— ary; )ky (5 Yo) —hy (2; yy); 


Co(2y,%Q3Y) = Xk, (xg; y) + hy (2; Loy) —hy (x, 293 y). (5.3) 


3695,2.1 Q 
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It may be verified that the left-hand side of each of these equations is 
an element in G; also that (co, c,,c,)* € 33 and that the corresponding 
element of $3 is uniquely determined by the (X,Y)-kernel (K, 8), 
I shall not prove these facts by direct methods but shall show how 
they may be deduced from (4). 


6. Lyndon’s normalization 
Let W be the (multiplicative) extension of X by Y, whose elements 
are all pairs (y,x), with 


(Y1,%1)(Yos Xo) = (YX Yo, XX) (EX, y, EY). 


I identify y with (y,1) and # will denote (1,2). Then (y,2) = y#, and 
w, w; will always denote yz, y;Z;. Notice that zyz-! = ay. Let 
wg =y.rg (GEG). 
Then wg = g if w = 1, and it follows from (2.1) that 
Wy(W2J) = Yr-{L(Yo-%29)} = YX Yo-T Xo 
= (w,w,)9. 

Therefore G admits W as a group of operators according to this rule. 
I shall use the latter to define 5f, where fe C"(W, @). 

Let C” = C"(W, G) and, to simplify the notation, let C” denote the 


group of w-normalized co-chains. Let fe C”, let 0< k <n, and let 
fi, € C” be defined by 

fel, Wy) = Yo Ye S Crys Bp Yor YN) (6.1) 
where Yj = (24...%;)Yis Yj = (®esa--%j—a)yy, With Y= Yy Yew = Yur 
I describe f as L-normalized if and only if f = f,+...+f,.. Lyndon shows, 
assuming all the operators to be simple, that the statement analogous 
to the one containing (3.2), and hence also (a) and (b), are true con- 
cerning L-normalization. His arguments can be adapted} to show that 
the same is true in the case considered here. 

Let CicC" be the sub-group consisting of the (w-normalized) 
co-chains which are also L-normalized. A homomorphism p:C% —> €" 
is given by pf = (¢p,...,¢,), where f € C} and 

a a oe Se a on © F (6.2) 
Obviously p: Cy, = ©", the inverse p-! being given by (6.1) and (6.2). 
It follows from arguments similar to those in § 4 of (4) that 5C% c C}*} 
and that pd = Ap. 


+ Lyndon’s A, B are my X, Y. His 6; becomes 2j...7;_, y;, the value of i 
depending on the context, and 9, in his (5.1), becomes y}...y,_1 P (Yj = Vy++-®j_y Yj) 
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Let A:X + W be the homomorphism which is given by Ax = 2, 
let A*:C™ + C"(X,G) be the homomorphism induced by A, and let 
oz = A*-1(0). Since #9 = 2g, it follows that A*5 = dA*, whence 
80%. c Cf. Let 5,:C%— CZ+! be the homomorphism induced by 6 
and let HY, H},... be the cohomology groups which are defined in terms 
of C$, C},... and the operator 5,. Let f ¢ C} and let df be L-normalized. 
Then Lyndon’s argument shows that f+5,g is L-normalized for some 
ge CZ-1. Thus H} may be defined in terms of the groups C%n Ct. 
Since f € Cy if and only if f(%,,...,%,) = 0, it follows that 

p(CEN Cy) = Ch. 
Therefore p induces an isomorphism H% ~ $7_, for each n = 0, 1.,.... 

Now let (K,@), a(y), ete., mean the same as in § 5. We define a 
W-kernel (K, 6) by taking 6(w) = 0(y)y(x), where y(z) is the class of the 
automorphism x:K ~ K. We take a(w) = a(y)x as the representative 
of 6(w). It follows from (5.1) and (5.2) that 


&(W,)X(Wy) = a(Y,)Xy a(Yo)Xe 

= a(Yy)C[ hy (215 Yo) Ju(% Yo) Ve 

= O[k(w,, w.)|a(w, we), 
where k(w,, We) = a(Y;)ky (X13 Yo) +ko(y1, 2 Yo). Let 

9(W,, We, Wz) = A(W,)k(we, Ws) +k(w,, Ww. Ws) — 
—k(w, W2, W3)—k(wy, wg). (6.3) 

Since k(Z,,%,) = 0, it follows that the co-cycle g belongs to C%. There- 
fore (K,@), restricted by the conditions 6(#) = y(x) and k(#,,%,) = 0, 
determines a unique element of H3. It follows from (6.3) and (5.3) that 
g € C2 n C¥ and that pg = (Cp, C1, C2)*. 

If two W-kernels (K,,6,), (K2,9,) are related in this way to 
(X,Y)-kernels (K,,6,), (Ky,@.), then their G-productt is obviously 
related in the same way to the G-product of (K,,0,), (Kg, 4). 

Let (K, 6) be a given W-kernel, with representatives &(w) € 8(w) such 
that 5(€,)a(#,) = a(€, Z). (6.4) 
Then K admits X as a group of operators, with xk = a(%)k. Let 

&(W,)X(W.) = Cl k(w,, wy) ]a(w, we), 
let k(w) = k(y, Z), and let 
54(B) = Clk(w)]a(w) = a(y)a(@) = &,(y)e. 


+ See (4.1) in (2). Obviously the G-product of (Kj, 0), (K, 6), with X operating 
in the natural way, is an (X, Y)-kernel. 
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The relation (5.1) is satisfied with 


a(y) = a%(y); Ay (a5 y) = K(@,y). 
Therefore (K,6), with 6 = 6|Y, is an (X, Y)-kernel which is in the 
above relationship to (K, 6). 

Let g be a given co-cycle in C3 and let (K,8) be the W-kernel which 
is defined in terms of g by the construction in § 9 of (2), with the 
following modifications. The generutors of the (additive) free group F 
shall be all pairs [w,, y.|, with y, € Y, not all pairs [w,, w,]. The function 
h shall be given by h(w,, w.) = [w,,y2], with h(w,,%,) = h(1,w,) = 0. 
Then A(%) = &(#) satisfies (6.4), and (K, 8) determines an (X, Y)-kernel 
whose invariant is the element of H% which corresponds to g. 

Therefore the theory of (X, Y)-kernels, expressed in terms of H% or 
Hr. (n = 2, 3), is entirely analogous to the theory of Y-kernels which 
is developed in (2). In particular, if (K,6@) has an X-extension, the 
equivalence classes of its X-extensions are in (1, 1) correspondence with 
the elements of $7. On taking AK = G this leads to an alternative 
treatment of X-extensions of Y by G. 
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DIFFRACTION BY A METAL WEDGE AT 
LARGE ANGLES 


By D. 8. JONES (Manchester) and F. B. PIDDUCK (Ozford) 


[Received 5 August 1949] 


1. Boundary conditions 
By a metal we mean a homogeneous conducting dielectric with a 
complex refractive index 

n = Ny—w, (1) 


where v is large but not infinite. This condition is best fulfilled at the 
frequency of sodium light by aluminium and platinum, for which v is 
5-25 and 4-25 respectively. The general theoretical problem of diffrac- 
tion is that of electric waves falling on a mass of dielectric bounded by 
a closed surface S. We have to find solutions of the field equations 
inside and outside S, with the tangential components of electric and 
magnetic intensity continuous in passing through S. This problem is 
intractable, but more progress has been made with a perfect conductor 
(v infinite), where we have only to solve the external field equations 
with the tangential component of electric intensity zero on S. We now 
show that a similar condition holds for metals, so that here also we 
need not consider the inside of S. 

That some such theory may be possible is suggested by Kelvin’s 
calculation (2) of the resistance of a wire of any cross-section at high 
frequencies. He took the conductivity so great that the thickness of the 
shell of sensible current was a small fraction of the radius of curvature 
at all but a few isolated points. Metals have a similar skin effect at 
optical frequencies, to which they owe their great opacity. We shall use 
the metre-kilogram-second system of electrical units, in which the 
velocity of light in free space is c = (1/e€gu9)* = 2-998 x 10° m./sec. 
Only periodic phenomena are considered, with a time-factor exp iwt. 
A plane electric wave in free space is represented by exp(iwt—ikx), and 
in the metal by exp(twt—inkx), where 


k = w/e = 2n/d (2) 


and A is the wave-length in metres. The small thickness of the surface 
layer appears to justify the assumption that the electric and magnetic 
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intensities at a point (x,y,z) in the metal near the origin of coordinates 
are given approximately by 

(E,, E,) = (Ez, Ey )exp(iwt-+-inkz), E, = E,,exp(iwt+inkz)/n?, 

(H,, HA, H.) _ (Azo, Hyp, H,y)exp(iwt--inkz), 

where the origin is taken in the surface S, the axes of x and y tangential 
to S, and z normal and away from S. In these formulae E,5, H,»,... are 
the amplitudes of electric and magnetic intensity just outside the sur- 
face, and are functions of x and y. Four of the field equations are 

0H,9/éy—inkH yy = iwegn* Eo, inkH,y—0H,9/0x = iwegn*E,,o, 
(0L,/2y)/n?—inkEy = —topo Ho, ink E.,y—(0L9/6x)/n? = —twpy Hy, 
which yield the conditions 

Ez9 = —(to/€o)*Hyo/n, Eo = (Ho/€o)* Hzo/n 

when n is large. 

A check is afforded by the formulae of Hoerschelmann (1), who 
found very general solutions of the field equations for a dielectric with | 
a plane face. These solutions are reproduced in Pidduck’s book Currents 
in Aerials and High-frequency Networks, and satisfy the conditions when 
nm is large. 

Let S in particular be an infinitely long cylinder. Change the axes 
so that the axis of z is parallel to the generators. Let the electric and 
magnetic intensities be independent of z. Two main problems then arise, 
in which the electric intensity is everywhere parallel to the axis of z 
(parallel polarization) and perpendicular to it (perpendicular polariza- 
tion). The magnetic intensity in perpendicular polarization is parallel 
to the axis of z. The other axes are taken to be the normal and tangent 
to S at any point. Transferring the field equations outside S to this 
system of curvilinear coordinates we find that the boundary conditions 


take the form — 5 (22) * ik y “ 
- kn\ aN], aN], n ™ 

‘for parallel and perpendicular polarizations respectively, where 0/aN 

denotes differentiation along the outward normal to dS. If the diffrac- 

tion problem has been solved for perfect conduction, the terms con- 

taining 1/n can be taken as known to this order of approximation. 








2. Green’s functions for a wedge 
Let P(x,y) and Pi(2o, yo) be two points in the same cross-section of 
the cylinder S. Let G(—)(P,P,) be a solution of the two-dimensional 


wave equation Cu /a2+ 62u/dy2+k2u = 0 
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which vanishes on S and becomes infinite at P, in such a way that 
G(—) = log(1/PP,) when PF, is small. Let G(+)(P,P,) be a solution 
of the equation such that 0G(+)(P,P,)/eéN vanishes on S and G(-+) 
becomes infinite at P, in the same way. Then the solutions of the 
equation which have assigned values of u and @u/@N on S are respec- 


tively 
1 ¢. eG(—\(P,B) 1 f (eu 
u= on | Uo - @N 0 dr, “4= —3. | aN Oth Fo) dry 


(4) 
where dr, is an element of arc of the cross-section, and integration is 
over the perimeter. The functions G(—) and G(-+-) are unaltered when 
P and FP, are interchanged. 

For a wedge, take the edge as axis of z. Let r,@ be the polar coordi- 
nates of P and 7%, 6, those of F. Let the region outside the wedge, in 
which we have to find the wave motion, lie between the planes 6 = 0 
(which we call the ‘top’ surface) and 6 = mz (which we call the ‘bottom’ 
surface). The coefficient m is 2 for an infinitely thin sheet, but in general 
is less than 2, for example 1-911 for a wedge of angle 16°. Green’s 
functions for a wedge were found by Macdonald (3); see also 
Schwarzschild (5). We have 


G(+F)(P, Py) = G(r, 6, o> 09) F G,(r, 6, To: 9); (5) 


where 

Ei. Osrgtg = —1 [ BEALA—Srpommaenede 

4 cos a—cos{(@—6,)/m} 

and G, is obtained by writing 6+6, for @—6, in the denominator. 
H\?)(z) is Hankel’s function J,(z)—7Y,(z). The integral is along an arc of 
a curve A in the complex plane, beginning at the point —(2/m)--i00, 
passing below the point cosma = (r?+-r2)/2rry and above the real axis, 
and ending at the point (7/m)-+-100. If it is deformed after the manner 
of Schwarzschild, i.e. into the straight lines joining —(z/m)+100, 
—(m/m), (7/m), (2/m)-+-100, and if we write 


+ 


C = —cos(z/m), S = sin(z/m) 
c = cos(6/m), 8 = sin(6/m) 
$(c,2) =< C+ccoshx a (7) 


C?+-c?+2Ce cosh x-+sinh2x 


ai a 2 __ 9 ° 2 
®(c,x) = = (C?+-c?)cosh x—2Cc-+-cosh x sinh = 








(02+? 2Cc cosh x-+sinh2zx)? 
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— dri {k(r?+r2—2rrycos0)}} if 0O<O0<a 
f(r, 6, %) — ° 
0 if ~<0< mz, 
HA? {k(r?-+-r§—2rry cos 6)!} P, 
Fe,0,7) = —4nikr sin 6 - (r ir epee 7 if 0<0<7 
0 if ~<O0< mr J 
(8) 
we have 
Y — (f(r, 6, 19) | 
Gil, , 70, 90) \ f(r, mr—8O, r9)) + 
HES | IPO bot+ ar cosh | dx 
> & 
2647.9, 780) _ [F(0,8.%) | p> ©) 
eN ~ | F(r,ma7—8, 7%)) 
_, 8s : oer {P(e, 
+ fina, | {k(r?-+-15 + 2rry cosh ma)}} }\@(—c,2) ne dx 
J 


where the top line in each bracket is taken on the top surface, and the 
bottom line on the bottom surface.* Also G, = G, and 


8G,/aN = —éG,/aN 
on both surfaces of the wedge, so that in equations (4) we can put 
G(+F)(P, Po) = 2G,(r, 8,179, 9). (10) 


3. Diffraction of line sources by a perfectly conducting wedge 

Sources are taken to be of two types: 

(i) A line of electric doublets parallel to the axis of z, through the 
point P,(r,,,), extending to infinity in both directions. The electric 
moment is parallel to the axis of z and of magnitude expiwt per metre 
at all points. This is a source of parallel polarization; 

(ii) A similar line of doublets whose electric moment is parallel to the 
plane of x, y, and makes an angle f with the radius vector from the edge. 
This is a source of perpendicular polarization. 

Parallel polarization. The electric intensity is expressed in terms of 
Hertz’s vector II, which takes from each element of electric moment M 
a contribution M exp(—ikR)/47e, R at distance R. For an unimpeded 
source in parallel polarization, E and II are parallel to the edge, and 

EB, = kil, = —ik®HP(kR)exp iwt/4e,, 


* We are taking m > 1 and RP, on the surface of the wedge. 
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where R = PP,. If R is small, 
E, = k* log(1/kR)exp twt/27€,. 

When the wedge is present, all the conditions of the problem are 
satisfied by E, = k°G(—)(P, P,)exp iwt/27¢q, (11) 
since HL, is zero on the wedge and becomes infinite at P, in the required 
order. To evaluate G,(P,P,) when P, is not on the wedge, replace @ in 
(8) and (9) by 6—6@,. To evaluate G,(P, P,), replace 0 by 0+-4,. 

Let P in particular be at a large distance from the edge, P, remaining 
at a finite distance. Then H{?)(z) can be put approximately equal to 
(1+<2)exp(—iz)/(7z)* and {r?+-r?—2rr, cos(@—86,)}* to r—r, cos(@—8@,). 
The electric intensity is the sum of four terms, two H\?) terms, and two 
integrals. The main part of the integrals comes from the immediate 
neighbourhood of « = 0, where coshmz is stationary, in accordance 
with Kelvin’s principle of stationary phase. Replacing coshmz by 
1+4m?2? as in Kelvin’s method, the integrals become approximately 

(1+2)exp(—tkr—ikr,) 

(akr)(O+c’) 


exp(—Jibr, we) de oe SE — 4) 
. - mk(rr,)#(C +e’) 
0 
where c’ = cos{(@+6@,)/m}. The electric intensity at a distant point is 
therefore 
E, SS mg ( +1)k? exp(iwt—ikr) 4 


4 4e(nkr)! x 
x [exp{tkr, cos(6—6,)}—exp{ikr, cos(8+-4,)}]+ 
_ Sk exp(twt—tkr— =| 1 ee = 
C+cos{(0—8,)/m} C-+-cos{(@+-0,)/m} 

(12) 


where the terms in the first [ ] are present only when |@—@,| < 7 and 


47re,m(rr,)? 


|0+-0,| < m respectively. 
Perpendicular polarization. Here 
(9/€o)'H, = tk(ell,,/Ca—ell ,/@y). 


For the unimpeded line source 


(t9/€o)* HH. cos(B+-6,) : —sin(8+6,) [UP Rexp ier, 
a 


oe 
OY) vy 





€9 


where 2,, y, are the Cartesian coordinates of P,. For the line source 
with wedge 


; hk. 0 
(149/€)*H, pain sin a — 
“ 277rEg or, 


1 Hy oF 


cosB @ 


G(+)(P, P)expiwt. (13) 








234 D. 8. JONES AND F. B. PIDDUCK 


The magnetic intensity at a distant point is given by 


(1+1)kexp(twt—tkr) | inp? cosB 0 
4eq(xkr)t or, 1 2, 


x [exp{ikr, cos(9@—8@,)}+-exp{ikr, cos(0+6,)}]+ 
Sk exp(iwt—ikr) sin @  cosB a 


(uo/€o)'H, =~ — 














47re,m(kr)* or, =o, «8 
. rar | 1 4 1 | 14) 
(kr,)+ C+cos{(0—8@,)/m} © C+-cos{(@+6,)/m} 


4. Correction for a metal wedge 

Parallel polarization. The electric intensity EZ, is no longer zero on 
the wedge, but equal to —i(@H,/@N),/nk from (3). To order 1/n, 
(@L,/2N), can be put equal to the values obtained from (10) and (11), 


that is I? 0G(P,, Py) 


exp iwt. 
TE oN dans 


The correction to HL, is therefore from (4) 
compe (P, Py) 0G, (P,, Po) ar 


: nt 


4 . 15 
me, oN. oN nm (15) 








AE, = — 


where n need not be the same at all points. 


Perpendicular polarization. The correction to H, is similarly, from 
(4) and (13), 


(19/€o)t AH, = — Sep fax GP, P,) | sin SF oe Pd 
1 


T€9 


d I 


(16) 
Macdonald found Green’s functions first as series, from which we see 
that G,(P, Po) is constant x {1+ O(rj’)} when mis small, and dG,(P, P))/aN 
of order rj/"-1. When »/r is large, G,(P, P,) is of order exp(—ikr,)/r} 
and 6G,(P,Py)/@N of order exp(—ikr)/rj. The integrals (15) and (16) 
therefore converge in general. Even if the angle of the wedge is 
infinitely small, i. m = 2, the integrals converge since the terms 
involving 1/7 cancel in the integration along the perimeter. 


5. Parallel light diffracted at large distances 
If r is large, 


1+2 —tk 
G(r, 8, %, 09) = ( Ey = G,(9, 7%, 9), (17) 





- ma A @& elle 





—s 
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where we replace f(r, 6,7) and F(r, 6,7) in (8) by the functions 


F(8, r) —- hari exp(tkry cos 8) if 0<@0<7, 
7 if 7<0<mm si 
F(0,% _ {t7ksin@exp(ikyncos#) if 0<0<z, 
~ (0 if 7<O0< mz j 
and have 
G,(9, 7%, 99) > 
(17) — lisis | exp(—ikry cosh mz . | dx 
\f(mn—8, m))  ” : mt . $(—¢, x) 
864(8, 7, 99) L (19) 


oN 


_ [F(8,%) \_, Ss [ — h i | 
~ | F(mr—8,1%)} © 2mr | a S O(—c, x) : 
0 





Parallel polarization. If P, is a large distance from the edge, the 
electric intensity at the edge of the unimpeded line source is approxi- 


mately —i(1+i)k? exp(iwt—ikr,)/4e9(akr,)?. 


Multiplying by 4¢9(7kr,)!/—i(1+1)k? exp(—ikr,) and making 7, infinite, 
we have the field in parallel light such that the incident electric intensity 
at the edge is expiwt. The first line of (12) must be modified since 1, 
was there taken to be finite and r/r, large, whereas r/r, must now be 


‘ small though r may be large. The field of a wedge of perfect conduc- 


tivity is therefore 


E, = exp iwt|exp{ikr cos(@—6,)}—exp{ikr cos(6+-6,)}]— 





__ Sexp(twt—tkr) | 1 = | ¢ 20) 
(1+7)m(akr}t C+ cos{( (@— -6,) )/m) C+ cos{(0+ 6,)/m} 
and 
Ag. — 4 +éexp(iwt—ikr) {3 G(0. fo 80) @G4(F1,%» M0) Ao (01) 
. ak(akr)+ oN oN n 


Perpendicular polarization. Similarly, from (13) and (15), 
(uo/€9)*H, & exp iwt|exp{ikr cos(@—8,)}+-exp{ikr cos(8+-6,)}]— 
_8 exp(twt—ikr) 1 1 = (22) 


(1-+i)m(akr)t | C-cos{(0—0,)/m} * O--cos{(0-+0,)/m)} 
and 
(alas AH, = “ht Rexpltet—S) f a (0, 75, 80) Gy O15 or 9) 2. 
r ?(akr)t nN 


(23) 
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The terms in the first line of (20) and (22) are present only when 
|@—6,| < wand |6+86,| < z respectively. These equations are not new, 
but were found in principle by Poincaré. 

When 7 is small, Macdonald’s series gives 


imc exp(im/2m)k¥mrym 





G,(9, To: 6 0) = — 


> 





“_ 2UmP(1/m) 
0G 1(9, 0G, (9, 19, 9) ) ~ ims exp(iz/2m)kUmrm-1 a 
~ ON —_— 2UmmT(1/m) Zz 


When % is large, the second terms of G, and @G,/aN in (19) are approxi- 


mately (1+-i)n#S exp(—ikr) __ (1+%)a*Ss exp(—tkr) 


4m(C+e)(krn)t  ” 4m?(Cc)2k*r} 
The upper sign is taken in cases of ambiguity on the top surface of the 
wedge, and the lower sign on the bottom surface. The integrals (21) and 
(23) do not converge unconditionally, since r and 7, are no longer finite; 
but they do when light falls on only one surface of the wedge and is 
observed away from the region of reflection. For, if 
0 < 60, < mr—n, a7<0< mn, (26) 
one of the functions {(6,79), f(8;,%) is always zero, and similarly for 
other pairs which might form a divergent product. 








(25) 


6. Comparison with experiment 

For comparison with the experimental results of Savornin (4) we 
consider the case of normal incidence (6, = 47), the diffraction being 
observed in the geometrical shadow. Under these conditions n is 
constant. 

It is easy to prove that an integration by parts, an inversion of the 
order of integration, and an integration with respect to 7) lead to the 
expression 


. _— 2, m4 
AE, = S exp(twt—tkr) & J F,(c,x)tanh ma dx — 








(1+1)m(zkr)* 
a sin(mm—6) {oa —tp ee - 
7mm ro mx—cos(mn—@) 
= 





ae ff {(F,(c,2)Fi(cy.y)—Fi(—¢, 2) F\(—e,y)} x 


sinh mz sinh my 


a: A 27 
cosh mxz-+-cosh my — & 











an. WN = 





on 





See 
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where 


—sinh x (28) 


“= D(C, dx = - a a 8 eae Gee te! ee oe 
ate) [ % aie C?+-c?+ 2Cc cosh x+sinh2x 


d 


For AH, we omit the integration by parts and obtain 
(u9/€o)* AH, 
Sexp(iwt—ikr) J] 2m $(—c,, x) — 2) de+. 


(l +-i)m(xkr)# ~cos(ma—| 


| omens 0) coshma 


Fo j | *$(c,2)6 1.) —#(—¢, 2)6(—Cy 9) any} (29) 


mn cosh ma-+ cosh my 


0 0 
The integrals are evaluated numerically over the lower part of the range 
of integration. In the upper part we make use of the formula 


j 1 Ss 
F,(c, x) dx = — —tanh-! —_——__ 
Ss Cc-+-cosh y 
y 
and the approximations 
cosh mx ~ $e™*, tanhm« ~ 1, f(c, x2) ~ 2ce-*, 


The computation is laborious and we have calculated the values of Jp, 
Ty, p, % (as defined by Savornin) at a deviation of 45° (@ = 315°) for 
a steel wedge of angle 16° in sodium light. In this case 
m = 86/45 = 1-911, n = 2:30—3-242, 
and we obtain : ’ , 
E,+-AE, = (1-33-+-0-102%) S°xP(tot— thr) 
(1+7)m(akr)* 
(22) 8a. + 4 AH.) = (3:29—0-773i a 
Eo (1+2)m(akr)* 
which give 
Ip =1-78, Iy=11-42, p=2415, = 6. 
It will be seen that Jy and % agree well with experiment whereas Jp, p 
are rather too small and large respectively, a better agreement than 
might have been expected in view of the smallness of n. 
We wish to express our appreciation of the considerable assistance 
afforded by Mr. D. F. Ferguson in the computation. 
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THREE SUMMATIONS DUE TO RAMANUJAN 
By H. F. SANDHAM (Dublin) 
[Received 16 August 1949] 


SoME time ago on my communicating a simple proof of Ramanujan’s 
result 


to my friend Dr. R. Cooper he replied giving me a very interesting 
proof of Ramanujan’s result 


= n 1 1 
> anni = 34 Sar 


I have added a proof of another result due to Ramanujan: 





=. coth mn _ 1977 
2 n’?’ 56700" 


It will readily be seen that the proofs of the first and third results 
are easily generalized and that the paper provides elementary means 


of evaluating $2 nip+l 


when p is a positive, zero, or negative integer. 
The arguments are as follows. 





1. We have 


e-2724 e—Ant e-6rzr4 1 


~ ame l 


Ss 8.14 
= aa 2+ Fe D 


Differentiating thirteen times gives 





118g—272_| 2189—40z 1 318¢-672 4 


o 1 
on Segnty _ 14 a> fore x+in) maT & =a 


Quart. J. Math. Oxford (2), 1 (1950), 238-40 














g 
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Letting 2 have integral values and summing from 1 to 00 gives 


113 913 313 
fet ae tat 
13! S| 1 
= £616) od cee nn, | 
(Qn)ta o! +o aD freee 1 T Gn —in) 
. 27)!4 7 
Now ¢(14) = on 13’ 


and the double summation, changing sign on interchanging m and n, 


Hence 


ni8 1 
2 ae 
1 


therefore vanishes. 


9 
2. Since _= 
(e277 — l )- 


— € 
27 id 
therefore b (ena 


q=1 


Sao 7. 


-4-155 


2are27z p?—x? 


. (p?-+a%) 2? 


o- = 9 
=> a —27nq — ‘a awe 
mne _ e27m_] 


cm. 0 
(p?+-q?)?" 


q= 1 
To evaluate the double summation, take P > Q; then 


> 


_— F Q 
> >a > > 


p=1 ¢ p=Q+1q=1 


By the lemma, 


+f f(x) dx < f(I)t+f(2)+ 


p?—q? 


pe 


n 


+f(n) << [ f(x) dx 





0 
when f(z) is positive and decreasing, we get 
Q 2 | diem 1 
0 < _ ee 2 Di 9 < per 
PLE 2 (tae p 
2 
Since lim lim — = 0, 
Qa P+0 § = PF 
2 i 
— p> —¢ , 
therefore lim lim Ss > | eee = lim > r So 
2—»00 Soe > 
Q—on F ‘al iy (p 24 92)? Q + + 
Again, by the lemma, 
i @) 
17 a 
4™—FH 47; 


39 < >. +e < 


p=Qr+1 
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so that 
Hence 


‘ 1 
3. Since coth zz = — 
max 


therefore = coth mn von i : . ‘ ! 


n? 7 n®(n?-+-m?)” 
Write 
bet >. n§(n2+- <a 


n=1m=1 


x 1 1 
~ oa (nt a nm + n2m® — m®(m?+- 3) 
X16 3)C(2 as “as )o(4)+-¢(2)0(6)—S 
Hence = [(2)¢(6)—4¢?(4). 


Substituting for the fo functions gives 





S coth mn ce 1977 


~~ nt = 56700" 
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